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Abstract 
Large wind turbine blades, manufactured from fibre reinforced laminated composite 
materials, are key structural components of wind turbine systems. The demands for efficient and 
accurate modelling techniques of these composite blades have significantly increased. Over past 
decades, although complex computational models have been widely developed, more 
analytically based models are still very much desired to drive the design and optimization of 
these composite blades forward to be lighter, stronger, efficient and durable. The research work 
in this thesis aims to develop such more analytically based aerodynamic, structural and aero-
elasticity models for large wind turbine blades manufactured from fibre reinforced laminated 
composite materials.  
 
Firstly, an improved blade element momentum (BEM) model has been developed by 
collectively integrating the individual corrections with the classic BEM model. Compared to 
other existing models, present BEM model accounts for blade tip and root losses more 
accurately. For laminar flow, the 3-D cross-flow is negligibly small. In this case, present BEM 
model with statically measured 2-D aerodynamic coefficients agrees closely to experimental 
measurements. However, stall delay correction is required for a 3-D rotating blade in stall. A 
new stall delay model is developed based on Snel’s stall delay model. Verifications are 
performed and discussed for the extensively studied NREL UAE phase-VI test. The predictions 
of distributive and collective factors, e.g. normalised force coefficients, shaft torque and etc. 
have been compared to experimental measurements. The present BEM model and stall delay 
model are original and more accurate than existing models.  
 
Secondly, significant deficiency is discovered in the analytical thin-walled closed-section 
composite beam (TWCSCB) model proposed by Librescu and Vo, which is widely used by 
others for structural modelling of wind turbine blades. To correct such deficiency, an improved 
TWCSCB model is developed in a novel manner that is applicable to both single-cell and multi-
cell closed sections made of arbitrary composite laminates. The present TWCSCB model has 
been validated for a variety of geometries and arbitrary laminate layups. The numerical 
verifications are also performed on a realistic wind turbine blade (NPS-100) for structural 
analysis. Consistently accurate correlations are found between present TWCSCB model and the 
ABAQUS finite element (FE) shell model.  
 
Finally, the static aero-elasticity model is developed by combining the developed BEM 
model and TWCSCB model. The interactions are accounted through an iterative process. The 
numerical applications are carried out on NPS-100 wind turbine. The numerical results show 
some significant corrections by modelling wind turbine blades with elastic coupling. 
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Chapter 1 
Introduction 
 
1.1 Introduction 
Wind energy is an emission-free energy resource available on this planet, yet it is 
renewable and plentiful. Governments and energy companies have been investing 
hugely into wind energy development since the global economic crisis in 2008. 
According to recently research estimation, using electricity generated by wind turbines 
is cleaner yet cheaper than traditional sources [1]. Over 100 gigawattes electricity is 
produced by wind turbines annually worldwide. To compare, the entire UK only uses 57 
gigawattes a year at peak capacity [2]. Effectively, the CO2 of that amount of electricity 
that used to be generated from traditional coal-fired power stations is eliminated. Wind 
energy is not only the solution from environmental aspect, but also the economic side. 
The price of traditional electricity appears highly unstable especially during economic 
crises, which alerts us that an alternative cheaper and price consistent green energy is 
urgently needed to balance the shortage of traditional non-renewable energy.  
 
As the demand to reduce the price of electricity generated by wind power is rapidly 
increasing in recent years, the blade, as the main component of entire wind turbine 
system, tend to be lighter and more flexible, which makes design and optimization of 
modern blade size even more demanding and important. With such trend, many 
computational codes were developed to predict and understand complicated aero-
elasticity interactions between the aerodynamic forces and blade elastic deformations 
[3,4]. However, many of them were developed by employing available commercial 
software [5-9]. Such development lacks theoretical understanding to what extents can 
the wind turbine blade be aerodynamically and mechanically designed and optimized. 
In addition, the existing uncertainty in many commercial codes for design practice of 
wind turbine blades remains around 20% for performance prediction and 30% for 
dynamic load calculations [10], which causes questions whether the blade is reliably 
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designed using these codes. Without knowing the cause of numerical inconsistency in 
these third party codes, engineers will not be confident about the blade designed by 
using these codes. Furthermore, the structural elasticity of the blade has been paid less 
attention sometimes, which strongly limits the blade design towards to be cheaper but 
lighter, stronger, and durable. For example, Ahlstrom [11] developed an aero-elasticity 
code to investigate different kinds of dynamic response of wind turbines. The model 
was developed by combining the aerodynamic model using commercial code 
AERFORCE and the FE beam model using MSC.Marc. However, the beam model was 
significantly simplified by using a simple Euler-Bernoulli type isotropic beam without 
considerations of composite materials couplings. Such consideration is limited in 
capturing the entire mechanical behaviour of a realistic wind turbine blade. There are 
also many commercial aero-elasticity codes such as BLADED [12], FAST-AD [13] and 
etc. Noting that not all codes considers blade torsional deformations that have 
significant impact on aerodynamic performance. Most of them even assume that blade 
deformations are small and that the aerodynamic loads can be evaluated and applied to 
the un-deformed structure [11]. 
 
  
VAWT (1)                                                HAWT (2) 
Figure 1.1: (1) Éole, the largest the largest VAWT in Cap-Chat, Quebec (2) The Nordex 
N50 wind turbine in Hong Kong [14] 
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1.2 Project scope 
The design and analysis of wind turbines is a systematic engineering problem involving 
many scientific and technological disciplines, such as structural mechanics, 
aerodynamics, material science, control engineering, manufacture engineering and 
business involvement. The wind turbines are divided into two popular categories, 
namely the horizontal axis wind turbine (HAWT) and the vertical axis wind turbine 
(VAWT), as shown in Figure 1.1 [14]. The key advantage of HAWTs over VAWTs is 
high power efficiency. A wind turbine system also consists many sub-components 
including blades, rotor hub, tower, control units, generator and etc. The blade is the 
mechanism that directly converts the kinetic energy of the wind into electric energy. The 
research works within present thesis focus on aerodynamic and structural modelling of 
HAWT blades. The effects from other sub-component are neglected as they are 
relatively rigid from structure point of view. Additionally, the rotor always rotates in the 
plane perpendicular to the incoming wind, extracting power through the entire rotation. 
For simplicity, the wind considered in present thesis is undisturbed and streamlined 
fluid. As an input, such consideration does not affect the accuracy of the analytical 
model and is commonly employed in the development of wind turbine modelling [6,9].  
 
 
1.3 Project challenges 
There are many uncertainties and inconsistencies in existing analytical models for both 
aero and structural elasticity. It is impossible for present research work to solve them all. 
However, the following existing challenges will be looked at throughout this thesis. 
 
1.3.1 Aerodynamic modelling of wind turbines 
The predictions of aerodynamic loads generated on wind turbine blades are paramount 
to the modelling of wind turbine blades. Several methods are available to calculate the 
blade aerodynamic forces. The computational fluid dynamics (CFD) is no doubt the 
most accurate tool, since it is capable to simulate complicated and detailed three-
dimensional flow including the vortices around an operating wind turbine and in the 
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wake [15-19]. However, CFD are computationally too expensive for dynamic aero-
elasticity analysis, which involves iterations at each time increment. Other advanced 
analytical models were also developed, such as solving Navier-Stokers equations for the 
global compressible flow as well as the flow near the wind turbine blades [20-24]. 
However, the major drawback for this method is that the accurate turbulence model is 
generally required. It has long been well known that such method is not entirely feasible 
since the computational duty for a precise dynamic turbulent model would beyond 
capability of modern computational technology. Solutions were also developed based on 
the lifting line theory to model the wake behind the rotor and its induced effects using 
vortex elements [25].  
 
The classic blade element momentum (BEM) method is one of the oldest but still 
widely used methods to predict blade loads in modern wind industrial [6,9,13]. 
Developed from actuator disk theory from pioneering propeller work proposed by 
Rankine (1865) and Froude (1889) [6], the major advantage of BEM method is the 
computational efficiency. It was originally developed by Glauert [26] as a theory for 
propeller blades and later modified to especially be applicable for wind turbine blades. 
The theory generally consist two theories, namely the blade element theory and the 
momentum theory. Two major idealizations are assumed as (1) the blade can be divided 
into finite number of blade element that can be treated with 2-D local flow. (2) the rotor 
plane acts as a disc with infinite number of blades [27,28] . However, great idealizations 
in classic BEM method have brought inherent limitations. These assumptions are, of 
course, unrealistic, but effectively simplify the complicated fluid mechanics 
encountered on the blade. Therefore, the BEM method offers unbeatable computational 
efficiency, which enables the aerodynamic forces to be determined and coupled with the 
structural model for aero-elasticity analysis and design iterations, which are heavy time-
consuming processes. Conversely, these idealizations cause great uncertainty in the 
predictions, which can be as much as 30% [29]. Even though the BEM method is still 
being widely used and considered as the favourite solution, the margin of that 30% 
uncertainty is certainly unacceptable. The demands to improve the reliability of BEM 
method has been increasing. The industry needs to be confident about their 
certifications that designed blades are reliable and cost effective.  
 
Over the last century, effective corrections were made to improve the accuracy and 
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consistency of the classic BEM method. In the last decade, the developments were 
widely carried out to enhance the corrections near blade tip and root where the local 
flows are of the most complicated in those areas [27,30,31].  
 
The flow can be clarified into two conditions, namely the laminar condition and stall 
condition. The laminate flow is also known as the inviscid flow whereas the stall is 
described by the viscid flow [32]. As a continuously rotating mechanism, the rotational 
effects always affect the accuracy of the BEM model. It is only a matter of fact that 
these effects are negligible or dominant. For laminate flow, studies [12,13,25,32,33] 
indicated that BEM models with statically measured 2-D aerodynamic coefficients offer 
accurate numerical predictions compared to experimental measurements. The 
comparisons indicate that the blade element assumption works for laminate flow. The 
rotational parameter (local speed ratio) in this flow condition is normally less than unity 
for entire span so the flow is mostly two-dimensional and attached [34]. The large 
portion of blade away from root and tip can be accurately described by most of BEM 
models. However, it has long been found that the actuator disk theory is problematic for 
predictions at tip and root, where the flow penetrates rotor disc easily so the induced 
velocities are considerably different from elsewhere on the rotor plane. Therefore, the 
potential improvement in present work is mainly laid on the root and tip losses.  
 
According to static 2-D aerodynamic coefficients measurements, when stall occurs 
on the blade, the lifting force significantly decreases while the drag force increases 
dramatically. In this condition, the flow tends to separate from the blade surfaces. 
Experimental evidence, however, show the lifting force keeps increasing to a 
considerably higher value until the stall eventually occurs from the outboard to the 
inboard, later than anticipated (known as post stall). This effect is commonly known as 
stall delay. Himmelskamp [35] was the first to notice this phenomenon on propeller 
blades. He found that the angle of attack (AOA) at which stall occurs for a rotating 
blade was higher than stall AOA suggested by 2-D aerodynamic coefficients, αs. Ever 
since this discovery was revealed, many followers tried to understand stall delay using 
different techniques. McCroskey [36] performed flow visualizations measurements on 
boundary layer transitions, separations and streamline flow directions for a rotating 
wind turbine. Ronsten [37] performed static pressure measurements on a rotating and a 
non-rotating wind turbine blade in order to quantify the difference compare to 
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calculations using 2-D aerodynamic coefficients. None of them claimed effects of the 
stall delay on the CD until Du & Selig [38,39] proposed a reduction for CD in their stall 
delay model. However, the NREL measurements finally concluded that, similar to 
increasing CL in stall delay, increasing CD was also found [13]. Even so, the stall delay 
phenomenon for wind turbine blades is still far away from a complete understanding 
until nowadays and a convincing and unique physical explanation has not yet been 
established. It was agreed that the negative pressure gradient on suction side is reduced 
by radial flow due to the rotation of blades. In the trailing edge, such effect can hold 
boundary layer to standstill and finally causing reversed flow. Then the separation and 
stall eventually occurs with significantly decreasing lift and increasing drag forces. 
Lindenburg [12] suggested that aerodynamic phenomenon including laminar separation 
bubbles, centrifugal pumping, rotational effects on sectional drag and other complicated 
3-D flow physics are the causes of the stall delay. Furthermore, wind turbine blades are 
feathered with linear tapering and continuous twisting from root to tip. Therefore, the 
radial flow appears in a helical shape which follows the twisted curvature of blade 
surfaces. Lindenburg [12] commented that eventually the ‘delay’ could reversely 
become ‘advance’ at tip resulting the appearance of reduced CL earlier than suggested 
by αs. In summary, the stall delay is an aerodynamic phenomenon encountered when the 
horizontal fluid streamline intersects with the radial flow induced by the rotating blades. 
This chapter aims to search a simple and effective method to provide aerodynamic 
coefficients that can be used in present BEM model to predict forces on 3-D rotating 
blades for the entire operational condition. 
 
Many works have been carried out attempting to quantify the stall delay, in another 
word, the 3-D rotational effects. R.Lanzafame [33] developed mathematical functions to 
represent aerodynamic coefficients in stall delay and post stall regimes. The expression 
is similar to the one developed by Viterna and Corrigan [40]. Martinez et al [32] 
proposed an alternative, which considers the 3-D effects by averaging the 2-D 
aerodynamic coefficients and 3-D aerodynamic coefficients reproduced by Viterna and 
Corrigan’s model (‘2-D/3-D averaged VC model’) [40]. In present thesis, a 2-D/3-D 
averaged VC model reproduced the closest shaft torque compared to NREL 
measurements. However, only the claims to shaft torque and related power output were 
checked. The assessment of distributive factors, e.g. AOA and forces at sections, are 
required to fully validate such model against physical truth. 
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In contrast, various predictive stall delay models were developed to offer possible 
corrections by superimposing the effects of the stall delay to the statically measured 2-D 
aerodynamic coefficients. Recently, a comprehensive revision was carried out by 
SP.Breton et al [25] to compare six different stall delay models [12,34,41-45], which 
arguably covered all stall delay models up to date. Revisions of those six stall delay 
models met an agreement that measured 3-D aerodynamic coefficients of a rotating 
blade can be approached by 2-D aerodynamic coefficients with an increment induced by 
stall delay phenomenon. However, none of these models offered satisfactory predictions 
for stall delay compared to NREL measurements. This was ultimately to blame for their 
lack of generality [25]. The common problem existing in all stall delay models is how 
the transition taking place instinctively from stall delay regime to post stall regime. 
Research efforts in this thesis will be spent on this challenge. 
 
 
1.3.2 Thin-walled closed-section composite beam model 
The structures of slender thin-walled closed-section beams made of laminated 
composite materials have been popular in a variety of applications over many years. The 
advantages of high strength to weight ratio and corrosion resistance contributed by 
using composite materials are favourite for the structural engineering, e.g. glass fibre 
reinforced polyester or epoxy [46]. In recent years, the analysis of thin-walled closed-
section composite beam (TWCSCB) becomes important topic in the wind energy 
industry. The large wind turbine blade is ideal to use the slender TWCSCB model as its 
span dimension is much significant compared to its sectional dimension. In practical 
design and analysis, the traditional 1-D beam model is normally preferred for efficient 
modelling of wind turbine blades benefiting from the reduced DOFs for the 
investigating system. Importantly, the sectional direct and coupled stiffness need to be 
accurately determined in such equivalent beam models. The twisting of airfoil section 
and flapwise displacement are particularly important, as it changes AOA and yaw angle 
along the blade and consequently the aerodynamic loads. In practice, these stiffnesses 
can be determined by experiments [47] but the static tests of a large wind turbine blade 
are costly for preliminary analysis. 
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The theory of thin-walled beam has been developed comprehensively up to date. 
Many pioneer works have been served in modern engineering fields. Vlasov [48] is the 
first to develop such beam theory with isotropic materials, followed by Gjelsvik [49] 
and Murray [50]. Their pioneer works are applicable to beams with both open and 
closed sections. The development for anisotropic materials especially fibre-reinforced 
composites was firstly introduced by Mansfield and Sobey [51,52]. However, their work 
does not account for bending and bending coupling [Dij] and [Bij], transverse shear 
effects and warping. Following their developments, many publications have been 
presented to improve the applicability of the theory. For different cross-sections, Bauld 
et al [53] derived a Vlasov-type theory for composite thin-walled beams with open-
sections which was later extended to thin-walled beams with closed-sections by 
Kobelev and Larichev [54]. A simple theory for anisotropic thin-walled beams with a 
single-cell closed cross section was developed by Libove et al [55]. For orthotropic 
composite beams where the twisting coupling is not induced under both axial and 
bending loads, Bauchau et al. [56] and Barbero et al. [57] extended the theory [55] from 
isotropic to orthotropic for closed-section composite beams. For non-orthotropic 
composite beams, Chandra et al [58,59] investigated the coupling behaviours of 
symmetric and antisymmetric layups of thin-walled box beam subject to axial, flexural 
and torsional loads. The beam exhibits axial twisting coupling and bending twisting 
coupling for symmetric and antisymmetric layups, respectively. The symmetric and 
antisymmetric is regarding to the cross-section axis. Wu and Sun [60] provides a 
simplified general theory for composite thin-walled beams. Unlike finite element 
method, the theory was developed by solving a series of governing equations. Mass and 
Barbero [61] analysed the effects of shear deformations with a strength-of-materials 
approach.  
 
In last ten years, two major methodologies for analysis of thin-walled composite 
beams have been categorically developed. On one side, several advanced thin-walled 
beam formulations were particularly developed for wind turbine blade that can 
incorporate effects such as non-linearity, arbitrary cross section, warping, pre-twist, 
transverse shear and material anisotropy. One of the most advanced is the so-called 
variational asymptotic beam section (VABS) analysis developed by Hodges [62,63] 
which partitions the 3-D beam model into a 2-D FE analysis of an arbitrary cross 
section and a 1-D non-linear beam analysis. US Department of Energy funded the 
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development of a code which is based on applying six unit loads on an FE blade model 
in commercial software for six nodal displacements to extract full sectional stiffness 
matrix [64]. The method was validated to provide good accuracy but lacks explicit 
expressions for the stiffness matrix of the blade sections. On the other hand, the 2-D FE 
expressions for thin-walled composite beams are continuously being pursuit by others 
over last decade.  
 
For this type of the TWCSCB model, the mid-surface strains and curvatures of the 
finite laminated shell element are explicitly expressed in terms of the beam strains and 
curvatures through a series of kinematic equations. The beam forces and moments are 
obtained by integrating the forces and moments of the laminated shell elements along 
contour s, which is related with the mid-surface strains and curvatures through the 
constitutive equation of a thin composite laminate. This theoretically provides the 
relationship between beam force-moment and beam strain-curvatures for the TWCSCB. 
Kollar and Pluzsik [65,66] derived an analytical model for thin-walled composite beams 
with arbitrary layup. However, the warping deformation was not considered for closed-
section and the explicit form is too complicated. Librescu and Song [67] summarized 
detailed analytical formulations for thin-walled composite beams, which are found to be 
the most comprehensive solution for both open and closed cross-sections. Their 
pioneering works have been widely used for rotating thin-walled composite blade 
modelling [68-71] . Using similar theory, Qiao and Zou [72] studied free vibration 
analysis of fibre-reinforced plastic composite cantilever I-beams which results 
simplified stiffness matrix. Recent applications of Librescu and Song’s (LS) TWCSCB 
are found within works carried out by Lee.J et al [73], Vo.TP and Lee.J [74,75]. 
Cárdenas et al [76] recently applied the LS TWCSCB theory to a realistic wind turbine 
blade. The choice of the LS TWCSCB model was motivated by the benefits that it 
provides detailed analytical formulations for the stiffness matrix of the section. 
However, a significant deficiency has been discovered in the LS TWCSCB model, 
which invalids its applicability to arbitrary laminate layups. The shear strain in the 
composite wall is expressed using the kinematic equation of isotropic material. As a 
result, the material couplings in the composite wall associated with shear strain are not 
considered. For special layups such as symmetrical layups and quasi-isotropic layups, 
the LS TWCSCB model yields correct solutions since these material couplings are 
either zero or negligibly small. However, the LS TWCSCB model breaks down if these 
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material couplings are significant, e.g. antisymmetric layups.  
 
Although the symmetrical and quasi-isotropic layups are mostly used for wind 
turbine blade design, such deficiency can limit the layup optimizations since the valid 
layup constraint must be applied in using the LS TWCSCB model. The limitation could 
discount the optimal blade design. Therefore, the research efforts in this thesis will be 
allocated to correct such deficiency. 
 
 
 
1.4 Project aims 
This research project aims to systematically develop more analytically based 
aerodynamic, structural and aero-elasticity models of large wind turbine blades 
manufactured from fibre reinforced laminated composite materials.  
 
For aerodynamic modelling, present research efforts aim to improve the classic 
BEM model by including tip and root losses. In addition, the research will be conducted 
to improve the instinctive transition from stall delay to local stall for stall delay models. 
Research efforts for the aerodynamic model also aim to provide guidance for possible 
difficulties and uncertainties in matching the theoretical predictions and experimental 
measurements. Demonstrations of optimization using present analytical model will be 
given. 
 
For structural modelling, present research work aims to correct the deficiency in the 
LS TWCSCB model [67] by developing an improved TWCSCB model in a novel 
manner, which is applicable to TWCSCBs with arbitrary geometry and composite 
laminate layups. 
 
The aero-elasticity modelling aims to combine the aerodynamic and structural 
models in an iterative procedure to study the aero-elasticity coupling effects on the 
performance of wind turbine blades.  
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1.5 Project outline 
The developments in present thesis are divided into seven chapters 
 
 Chapter 2: a brief introduction into the blade element momentum (BEM) theory is 
reviewed, including the classic BEM model and existing corrections 
 
 Chapter 3: an improved BEM model is developed with some important updates to 
correct the idealisation of classic BEM theory. Validations are carried out for laminate 
flow using present BEM model with statically measured 2-D aerodynamic coefficients.  
 
 Chapter 4: investigations are carried out for great stall delay phenomenon caused by 
rotational effects on a 3-D rotating wind turbine. A new stall delay model is proposed 
and validated with experimental measurements and other existing solutions 
 
 Chapter 5: an analytical single-cell TWCSCB model is developed to extend the LS 
TWCSCB model to be applicable to arbitrary composite laminate layups.  
 
 Chapter 6: extending from Chapter 5, an analytical multi-cell TWCSCB model is 
developed and validated. 
 
 Chapter 7: present TWCSCB model is applied for the numerical application of a 
realistic wind turbine blade, the NPS-100 blade. 
 
 Chapter 8: the aero-elasticity interactions between present BEM model and the 
TWCSCB model are assessed with wind turbine using NPS-100 blades. 
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Chapter 2 
Fundamental Theory of Blade 
Element Momentum (BEM) Model 
 
2.1 Introduction 
The predictions of aerodynamic loads generated on the wind turbine blades are 
paramount to the mechanical modelling of large wind turbines. Several methods are 
available to calculate the aerodynamic forces applied on wind turbine blades. For 
aerodynamic orientated research, the CFD is no doubt the best choice as it is capable to 
simulate complicated and detailed three-dimensional flow including the vortices around 
an operating wind turbine [15-19]. Other advanced analytical models were also 
developed such as solving Navier-Stokers equations for the global compressible flow as 
well as the flow near the wind turbine blades [20-24]. However, those models are 
computationally expensive for structural orientated dynamic analysis which involves 
time-dependent iterations. Solutions were also developed based on the lifting line theory 
to model the wake behind the rotor and its induced effects using vortex elements [25].  
 
The classic blade element momentum (BEM) method, developed from actuator 
disk theory, is computationally efficient in predicting aerodynamic forces acting on the 
blade. It was originally developed by Glauert [77] as a theory for propeller blades and 
later modified to especially be applicable for wind turbine blades. Over the last century, 
effective corrections were made to improve the accuracy of the classic BEM method. In 
the last decade, the developments were widely carried out to enhance the numerical 
stability and consistency near blade tip and root where the local flows are of the most 
complicated in those areas. This chapter summarizes a broad literature review of the 
pioneer works up to this day, which will be integrated to form a new BEM model. 
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2.2 Annular and blade elements  
Before introducing the BEM method, it is essential to define the discretized blade 
element and annular element. As shown in Figure 2.1, a blade can be divided into a 
finite number of blade elements. The dimension of each blade element is defined by 
the chord length, c, and the radial length dr. The position of each blade element in the 
rotor plane is defined through local radius r and azimuthal angle Ω. The rotor plane is 
the plane perpendicular to the rotational axis and passes the rotor centre. The blade 
vertical tip up is defined as 0º azimuthal angle. The rotor radius is denoted as R. ω is 
the rotor angular velocity (rads/s). 
 
Annular element (dr)                                        Blade element (dr) 
Figure 2.1: The discrete blade element and annular element 
 
For an ideal rotor, each blade element is assumed to be independent and follows the 
local two-dimensional flow characteristics around the airfoil. The interactions with 
neighbour blade elements are neglected. The aerodynamic forces on each blade can be 
described by the local two-dimensional airfoil sections. Similarly, the rotor swept area 
can be divided into individual annular elements of radial length dr. Therefore, an 
annular element (dr) is the sum of the corresponding blade elements (dr) of a rotor 
system.  
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2.3 Induced wind velocities 
As a result of the rotation of wind turbine blades, vortex systems are formed on and 
behind the rotor. Figure 2.2 shows a schematic view of typical vortex systems on and 
behind a rotating wind turbine. The vortices on blades induce both an axial velocity 
against the wind velocity and a tangential velocity opposite to the rotational velocity of 
the rotor. The induced axial wind velocity aV0 is commonly specified to be 
proportional to the undisturbed upstream wind velocity V0 where a is the so-called 
axial induction factor. Likewise, the induced tangential velocity, a'ωr, is normally 
assumed to be proportional to the tangential velocity of the rotor ωr through tangential 
induction factor a'. 
 
 
Figure 2.2: Schematic view of induced velocities on wind turbine blades 
 
Taking the rotor as the reference, the tangential velocity of the wind is opposite to 
the rotational velocity of the rotor. Therefore, the tangential velocity of the wind is in 
the same direction as the induced tangential velocity of the wind. Hence the resultant 
axial and tangential wind velocities at rotor plane, Vr and Cr, can be expressed by Eqs. 
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(2.1) and (2.2), respectively: 
)1(0 aVVr   (2.1) 
)'1( arCr   (2.2) 
 
2.4 One-dimensional rotor disc theory 
Figure 2.3 shows a simple one-dimensional aerodynamic model for an ideal rotor in a 
controlled volume. The rotor coverts mechanical energy into electrical energy by 
extracting the kinetic energy from the floating air. The rotor is ideally considered as an 
actuator disc with infinite number of blades. The flow passing through the rotor only 
diffuses in axial direction and forms a stream tube. Therefore, no rotation is induced in 
the wake. The thrust at rotor plane can be found by accounting the pressure drop     
over the area of rotor plane between upstream flow and wake flow in axial direction. 
As a result, the thrust force is expressed as: 
ra ApT   (2.3) 
where Ar is the area of the rotor disc πR
2
.  
 
In another prospect, the axial wind velocity of upstream Vo is reduced to Vw at the 
wake due to thrust force at rotor plane. The flow is considered to be incompressible, no 
friction losses and free from any other external force so that the reduction of Vo is 
purely caused by the thrust at the rotor disc. Applying the Bernoulli’s equation, the 
total energy in the flow should conserve at any position as no external work is done on 
or by the flow [27]. Assuming the air density, ρ, is always constant within controlled 
volume, and the boundary pressure of the controlled volume p0 equals to atmosphere 
pressure, the following equations are obtained: 
rf ghpVghpV r  
22
0 2
1
2
1
00  (2.4a) 
rbw ghpVghpV rw  
22
2
1
2
1
0  (2.4b) 
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Figure 2.3: One-dimensional flow diagram for an idea rotor 
 
Furthermore, assuming that the height of the airflow is constant so h0=hr=hw so that the 
gravitational potential energy is the same everywhere, the first observation from Eq. 
(2.4) is expressed: 
awb pVVpp f  )(2
1
)( 220  (2.5) 
where pf and pb are pressures at front and rear of the rotor plane, respectively. 
Substituting Eq.(2.5) into Eq.(2.3) yields: 
rw AVVT )(
2
1 22
0    (2.6) 
From conserved momentums point of view, the thrust due to the change of the wind 
velocity between upstream and wake physically equals to the change of the rate of 
axial momentums given by: 
)( 0 wVVmT    (2.7) 
where   can be expressed by the constant mass flow rate calculated by ρVrAr as the 
mass is conserved everywhere within the controlled volume. Hence Eq. (2.7) becomes: 
)( 0 wrr VVAVT    (2.8) 
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Combining Eq. (2.6) and Eq. (2.8), an important derivation is obtained for the axial 
wind velocity at rotor plane in one-dimensional flow. 
)(
2
1
0 wr VVV   (2.9) 
Substituting Eq. (2.9) into Eq. (2.1) yields the axial wind velocity at wake: 
0)21( VaVw   (2.10) 
In a similar approach, the total energy is conserved in the angular direction. The 
analogous observation for the angular velocity at rotor plane can be derived as: 
)(
2
1
0 wr CCC   (2.11) 
where the angular velocity at the upstream and the wake is denoted C0 and Cw, 
respectively. Since the energy conservations is applied to the flow in a stationary state, 
e.g. upstream, wake, the energy caused by the rotation of blade must be excluded from 
the Bernoulli’s equation in the angular direction. Therefore, the rotational velocity of 
the wind at rotor plane is simply the induced tangential velocity, ra ' . The upstream 
wind is assumed in the steady state indicating C0=0 as no rotations in upstream wind. 
Finally, substituting those conditions, Eq. (2.11) becomes: 
raCw '2  (2.12) 
The mass flow rate passing through the rotor disc is ρArVr=ρAr(1-a)V0 and the swept 
area of the annular element dr is 2πrdr. In the light of Eq. (2.7), the thrust force on 
annular element dr equals to the axial momentum change rate and is expressed as: 
draaVrVVmdT w )1(4)(
2
00
   (2.13) 
In a similar manner, the torque on an annular element dr equals to the change rate of 
angular moment of momentum. Substituting Eq. (2.12) and the condition C0=0, the 
torque generated by an annular element dr can be found as: 
draaVrrCmdM w )1('4 0
3    (2.14) 
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2.5 Classic BEM theory  
The state of art for classic BEM can be found from many wind turbine handbooks 
[13,27,28,78]. The simplicity and validity of classic BEM theory rely on two key 
assumptions: 
 
Assumption 1: The rotor has an infinite number of blades so that it acts as a disc. This 
indicates that the induced velocity is constant in the azimuth direction.  
 
Assumption 2: The aerodynamic effects do not interact from one blade element to 
another. This implies that the lateral boundaries of blade elements are separated by the 
streamlines. The cross flow between one blade element and another is neglected.  
 
Figure 2.4 shows a two-dimensional local flow velocities and forces for an airfoil 
respect to the plane of rotation. The plane of rotation is the plane parallel to the rotor 
plane. Instead of passing the rotor centre, plane of rotation passes the aerodynamic 
centre of an airfoil that locate on the chord line at c/4 from leading edge. For blade 
without yaw angle, the aerodynamic centre and rotor centre are normally coincided. In 
another words, the plane of rotation and the rotor plane are overlapped. At moment, the 
blade without yaw angle is considered. As a result of the pressure gradient produced 
between top and bottom surfaces of an airfoil, lift and drag forces, FL and FD, are 
generated at the aerodynamic centre (AC). They can be resolved in resultant tangential 
and normal forces, Ft and Fn , with respect to the plane of rotation. 
 
The effective pitch angle β is the sum of βP and βT, which are the blade global pitch 
angle adjusted by the rotor pitching mechanism and the local blade twist angle relative 
to the position of the zero twisted airfoil, respectively. βP is applied uniformly to the 
entire blade whereas βT is fixed geometrical feature as the blade is manufactured.   is 
the inflow angle between the relative incoming wind velocity Vrel and the plane of 
rotation.  
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Figure 2.4: The two-dimensional local flow velocities and forces of an airfoil 
 
It can be seen from Figure 2.4 that the inflow angle   and the angle of attack 
(AOA) α can be calculated using simple trigonometry of wind velocities at the plane of 
rotation as: 








 
)'1(
)1(
tan
01
ar
aV

  (2.15a) 
   (2.15b) 
The induced lift and drag forces per unit span length are given as:  
LrelL cCVF
2
2
1
  (2.16a) 
DrelD cCVF
2
2
1
  (2.16b) 
where c is the chord length between leading edge and trailing edge. CL and CD are the 
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dimensionless lift and drag coefficients that measured experimentally for a given 
airfoil. Expressions of normal and tangential forces per unit span length can be 
obtained by resolving lift and drag forces per unit span length into normal and 
tangential directions regarding to the plane of rotation, as follows. 
 sincos DLn FFF   (2.17a) 
 cossin DLt FFF   (2.17b) 
Similarly to CL and CD, the dimensionless coefficients of normal and tangential forces 
are calculated as: 
 sincos DLn CCC   (2.18a) 
 cossin DLt CCC   (2.18b) 
Where the normalisation was performed as: 
cV
F
C
rel
n
n
25.0 
  (2.19a) 
cV
F
C
rel
t
t
25.0 
  (2.19b) 
Where Vrel in Figure 2.4 can be written using sine and cosine rules: 


 cos
)'1(
sin
)1(0 araVVrel



  (2.20) 
Substituting Vrel in Eq. (2.20) into Eqs (2.19) leads to alternative form of the Fn and Ft:  
nn cC
aV
F


2
22
0
sin
)1(
5.0

  (2.21a) 
tt cC
araV
F




cos
)'1(
sin
)1(
5.0
0 
  (2.21b) 
The total rotor thrust and torque induced on the annular element of the radial length dr 
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with B number of blades are given as: 
drcC
aV
BdrBFdT nn


2
22
0
sin
)1(
5.0

  (2.22a) 
drcC
araV
BrdrrFBdM tt




cos
)'1(
sin
)1(
5.0)(
0 
  (2.22b) 
Making dT in Eq. (2.22a) and dM in Eq.(2.23b) equal to those from Eqs (2.13) and 
(2.14), the axial and tangential induction factors a and a' can be solved: 
nC
a
a


2sin41


 (2.23a) 
tC
a
a


cossin4'1
'


 (2.23b) 
Solidity σ is introduced as the friction of the area covered by blade elements to the 
annular element. 
rdr
Bcdr


2
  (2.24) 
Eqs (2.23) are the fundamental principles of the classic BEM method. Theoretically, 
they are solvable from two equations with two unknowns a and a'. However, it features 
complicated nonlinearity functions and an analytical solution is not feasible. Instead, 
an iterative approach is ideal for solving induction factors a and a' in following steps: 
 
1. Assume initial values for induction factors. (commonly a = a'= 0) 
2. Calculate the incoming flow angle   using Eq. (2.15a) 
3. Calculate the local AOA α using Eq. (2.15b) 
4. Look up the CL and CD of corresponding α from provided table of aerodynamic 
coefficients for a given airfoil.  
Chapter 2 Fundamental Theory of Blade Element Momentum (BEM) Model 
 ~ 22 ~  
5. Calculate Cn ,Ct and σ using Eqs (2.18a), (2.18b) and (2.24), respectively. 
6. Calculate a and a' by simultaneously solving Eqs. (2.23a) and (2.23b) 
7. If a and a' have changed more than an acceptable tolerance, go to step 2, Repeat 
until the convergence is achieved for two consecutive iterations. 
For practical reason, corrections must be applied to unlock the limitations of “ideal 
rotor assumptions”. Such corrections are discussed in the following sections. 
 
 
2.6 Thrust correction 
Different from steady upstream flow where C0=0, Eq. (2.12) indicates that flow in 
wake rotates as a result of rotor rotation. It was argued that an additional axial force 
exists due to the pressure drop in wake caused by wake rotation [27]. Similar to Eq. 
(2.4), the Bernoulli’s equation can be established in the angular direction as: 
rf ghpCghpC r  
22
0 2
1
2
1
00  (2.25a) 
rbw ghpCghpC rw  
22
2
1
2
1
0  (2.25b) 
The gravitational potential energy and the air density are assumed the same 
everywhere. Hence, the pressure drop in the wake from Eq. (2.25) is: 
wbf pCpp w  )(
2
1
)( 2  (2.26) 
The pressure drop in the wake is equivalent to a pressure increase in the front of rotor 
plane, pf . Substituting Eq. (2.12) into Eq.(2.26), an additional axial thrust is given as: 
drrardApdT rrot w
2)'(4   (2.27) 
This additional thrust should be superimposed into Eq.(2.13). 
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2.7 Loss factors 
The assumption to treat rotor as an actuator disc with infinite number of blades 
guarantees the continuity of flow across the rotor plane, so that the induction factors 
are uniform everywhere on an annular element. However, rotors are practically 
assembled with finite number of blades, commonly three blades and consequently the 
induction factors vary not only radially but also azimuthally. Therefore, the uniform 
induction factors at a radial location r should be replaced by variable local induction 
factors, as aL=a(r,Ω) and a'L= a'(r,Ω). Prandtl [77] introduced a tip loss factor that 
corrects the induction factors for a rotor with finite number of blades. The correction 
was developed by exploiting the fact that the ratio between the induced velocities at the 
gap between neighboured blades and the induced velocities on the blades approaches 
to zero from blade root to tip. The physical explanation is that the airflow penetrates 
more easily at tip so that the induced wind velocities tend to zero. The Prandtl’s tip-
loss factor, denoted as fp, is defined as [77]: 












 
 
 sin2
)(
expcos
2 1
r
rRB
f p  (2.28) 
The induced velocities at the gap between neighboured blade elements of an annular 
element dr must be different in azimuthal direction. Glauert [77] later implemented 
Prandtl’s tip loss factor to express the ratio between the averaged induced velocity at the 
gap between neighboured blades and the induced wind velocity at the blade section as 
       and          where now a  and a' represent the averaged induction factors; 
aB and a'B represent the induction factors at the blades position. For a rotor with finite 
number of blades, the induction factors in Eqs (2.13) and (2.14) are averaged values a 
and a' as it considers the momentum changes taking place at rotor plane, whereas they 
are physically meant to be values at the blades aB and a'B in Eqs (2.21) since they 
calculate the forces on the blades. Surely, the a and a' equals to aB and a'B at blades for 
the case satisfying the ideal rotor assumption where fp =1.  
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In the development of the Prandtl’s tip loss factor, wake rotation was not 
considered. A more convenient expression including a wake-disc model was given in 
Ref [27]: 
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
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where         is the tip speed ratio. Using the trigonometry in Figure 2.4 and Eq. 
(2.20), the terms        can be written similarly to its counter-part in Eq. (2.29) as 
2
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 (2.30) 
In fact, the tip loss factor derived with wake-disc theory in Eq. (2.29) would equal to 
Prandtl’s loss factor in Eq. (2.28) if a'B is zero in Equation (2.30).  
 
Losses must exist at root as it does at the blade tip because the circulation 
approaches to zero at the centre of rotor. The flow passing through the root maintains 
its upstream velocity without any inductions. A root loss factor similar to the tip loss 
factor was reportedly proposed in Ref [27]: 
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Thus, the total loss factor is defined as: 
roottiptr fff   (2.32) 
This total loss factor should be applied to the Eq. (2.13) and (2.14) to express the 
averaged induction factors a and a'. 
 
Wilson and Lissaman [79] suggested that the mass flowing through the rotor disc 
should be corrected in the same manner as the induced velocity in the wake. The tip 
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loss model recently developed by Wen Zhong Shen et al [30] improved consistency of 
the BEM model by correcting aerodynamic forces generated on the blade. By 
analysing the basic equations of the tip loss correction, they found that the computed 
axial induction factor always tends to unity when approaching the tip. According to Eq. 
(2.1), this implies that the axial velocity, independently of the pitch setting, tip shape, 
airfoil type and operating conditions, always tends to be zero at the tip. However, for a 
real rotor with a finite number of blades, the axial velocity at the tip is usually not zero. 
Similar to the formulations of other loss factors, they proposed a tip loss correction 
denoted fw, to the aerodynamic forces generated on the blade elements near blade tip. 
The expression of fw is available in Eqs. (2.33) and should apply to the lift and drag 
forces in Eqs. (2.16). Consequently, this correction is inherited by the Ft and Fn in Eqs 
(2.17) on the blade.  












 
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 sin2
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2 1
r
rRB
gfw  (2.33) 
The coefficient g depends on the number of blades B and tip speed ratio λ and it was 
determined by curve fitting from experimental data as: 
1.0)]21(125.0exp[  Bg  (2.34) 
 
The discussed loss factors for a two-bladed wind turbine operating at a tip speed 
ratio of λ=5.4 are plotted in Figure 2.5. The difference is hardly visible between the 
Prandtl’s tip loss model, labelled ‘fp’, and the one derived using the wake-disc model, 
labelled ‘ftip’ because the tangential induction factor a'B is small. The correction to the 
tip losses of aerodynamic forces on the blade, labelled ‘fw’, is nearly unity up to 80% 
r/R, following by a steep decrease to zero at tip, indicating the application concentrates 
on corrections at tip only. Finally, the total loss factor, labelled ‘ftr’ combines tip losses 
‘ftip’ and the root losses ‘froot’. 
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Figure 2.5: Computed loss factors of NREL blades at 7m/s wind speed 
 
 
2.8 Axial induction factor correction 
Similar to normalised force coefficients, e.g. Cn, Ct, CL and CD, the normalised 
sectional thrust coefficients can be obtained in the same way, defined as the ratio 
between the thrust force generated at rotor plane on annular element dr and the total 
available axial forces in the upstream wind. The mathematically expression is:  
r
T
AV
T
C
2
05.0 
  (2.35) 
where       
    is the total available axial force in the upstream flow at rotor plane. 
The thrust T can be calculated by substituting Eqs. (2.1) and (2.10) into (2.8) as: 
aAVaT r 2)1(
2
0   (2.36) 
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Invoking Eq. (2.36) and applying the general tip/hub loss f to the CT, Eq.(2.35) 
becomes: 
faaCT )1(4   (2.37) 
However, discovered first by Glauert [77], the CT calculated by the classic BEM 
method was found only valid when the axial induction factor does not exceed 
approximately 0.4 because the turbulence is not yet presented. Wind turbines 
sometimes experience the turbulent windmill state during start-up or shutdown. The 
classic BEM completely breaks down in such wind turbine operational phase of which 
the axial induction factor, a, exceeds this critical value. Although Glauert [77] 
introduced an empirical relationship to fit experimental date, the method does not 
consider for tip and root losses. Improved empirical expression was then developed by 
Spera [80]
 
with a critical axial induction factor value ac=1/3 to distinguish validity and 
failure of the classical BEM model. All the follow-up developments only successfully 
reduced the gap shown in Figure 2.6 between Glauert’s empirical curve and BEM 
curve until Marshall et al [31] recently proposed a new empirical relationship that 
meets all requirements accurately. 
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Substituting Eq. (2.37) into Eqs (2.38) yields: 
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Eq. (2.39) successfully eliminates discontinuity in classic BEM method for higher 
values of axial induction factor and ensures accurate and complete estimation of axial 
induction factor for any wind speed. 
Chapter 2 Fundamental Theory of Blade Element Momentum (BEM) Model 
 ~ 28 ~  
 
Figure 2.6: Measured and BEM calculated CT as a function of a 
 
 
2.9 Effects of the blade rotation 
The CL and CD of a two-dimensional airfoil can be statically measured in the wind 
tunnel. However, the wind turbine in reality is a constantly rotating device. For laminar 
flow, the 3-D rotational effects are negligible. Hence, the measured 2-D aerodynamic 
coefficients can be used for rotating blades. However, the 3-D rotational effects play a 
significant role in stalled condition. In that case, it is inaccurate to continue using the 
measured 2-D aerodynamic coefficients for rotating blades. The 3-D rotational effects 
are contributed from many aspects such as laminar separation bubbles, centrifugal 
pumping mechanism and boundary layer separations [12]. The laminar separation 
bubble occurring at low Reynolds numbers and is caused by a strong adverse pressure 
gradient, which makes the laminar boundary layer to separate from airfoil surface. The 
centrifugal load acts like a pump on the separated volume of the air flow near the 
trailing edge, accelerating the radial flow from root to tip. The separations of boundary 
BEM curve Measurements 
Glauert’s empirical relationship 
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layers are effectively smaller than without centrifugal pumping flows and consequently 
stall is delayed. Such phenomenon is of the most influential topics in predicting 
aerodynamic forces in post stall regime. Since the aerodynamic coefficients are 
independent inputs into the BEM model, it will be discussed separately later. 
 
 
2.10 Limitation of BEM theory 
Although the classic BEM method has been comprehensively improved in many 
aspects as discussed above, the following limitations inevitably restrict the 
applicability of the BEM model in practical wind turbine design and analysis cycles. 
 
1. Classical BEM is not directly coupled with dynamic stall routines. In BEM 
iterations, using 2-D aerodynamic coefficients leads inaccurate predications of the true 
performance of wind turbine systems. An accurate aerodynamic model considering 
both 2-D and 3-D aerodynamic aspects for a rotating wind turbine system are critical to 
improve numerical accuracy in post stall condition because of stronger rotational 
effects. This will be addressed in Chapter 4. 
  
2. It is valid only when turbine is perfectly aligned with the wind. Therefore, the 
BEM model requires considerations under constant yaw angles which changes 
considerably when the deflection of the blade is large so that blade is no longer 
perpendicular to the incoming flow. This will be discussed in Chapter 8 for aero-
elasticity analysis, where the elastic deformation of wind turbine blades will be 
coupled with the BEM model. 
 
3. The gravity load decides that the blade deformations changes azimuthally. Thus, 
the dependency of azimuth position in the BEM model could also improve the 
accuracy of the theoretical predictions. However, the blade in reality is stiff and such 
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effects can be neglected for BEM approximations. The effects of gravitational load and 
centrifugal load are assessed in Chapter 8. 
 
4. The BEM method assumes that the upstream wind is stationary and streamlined 
whereas it is highly turbulent in reality. Therefore, the inclusion of turbulence effects at 
upstream is also required for practical design purpose. A meshed flow field can be 
integrated with the BEM model straight forward to account realistic incoming flow that 
various at different blade elements, e.g. programme SOSIS-W [81] . Such topic is not 
included in present thesis but can be looked at for future development. 
 
5. The local angles of attack change constantly and affect the vortices in the wake 
continuously. Therefore, the simple BEM must be extended with a time domain to 
count such variations from one time to another. In order to model this time lag effect 
correctly, a generalized dynamic wake model may be required. Such topic is not 
included in present thesis but can be looked at for future development. 
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Chapter 3 
An Improved BEM Model 
 
3.1 Introduction 
By collectively applying corrections of the classic BEM model reviewed in Chapter 2, 
an improved BEM model is developed, referred as ‘present BEM model’ in the 
following discussions. The comprehensively studied NREL UAE phase-VI test, 
conducted at NASA-Ames wind tunnel, is used for numerical validations. The 
specifications of the tested wind turbine system and the wind tunnel facilities are 
collected from available NREL official works [12,13,82,83]. Studies [12,13,25,32,33] 
indicated that their BEM models with statically measured 2-D aerodynamic coefficients 
offered good numerical predictions compared to experimental measurements at wind 
speeds below 7m/s, for which the flow at entire blade span is mostly two-dimensional 
and attached to the blade surface. Such flow is commonly known as laminar flow. 
Comparing with experimental measurements [13] and other BEM models [12,25,32,33], 
the validations of the present BEM model, using statically measured 2-D aerodynamic 
coefficients, are carried out particularly within laminar flow. It has to be stressed out 
that the comparisons in this chapter focus on assessing the accuracy and consistency of 
improved BEM theory without introducing advance sub-modelling techniques for 3-D 
aerodynamic coefficients such as the stall delay model. Such topic will be address 
individually in Chapter 4. Thus, the numerical validatiy is checked in this chapter from 
which the AOA are covered within laminar flow. 
 
 
3.2 Improved BEM theory 
Corrections to the classic BEM model summarised in sections 2.6 to 2.8 were reportedly 
found from individual works [27,30,31,77]. Inspired by this, an improved BEM model 
is proposed by integrating all corrections to the classic BEM model. The procedures are 
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summarised in the following order: 
(1) The additional thrust due to wake rotation in Eq. (2.27) must be superimposed to 
the thrust due to axial flow velocity drop in Eq. (2.13). Therefore, the total thrust on an 
annular element is given: 
drraaaVrdT ))'()1((4 220    (3.1) 
 
(2) Since the total loss factor is considered for the momentum losses at the rotor plane, 
the averaged induction factors a and a' in Eqs (3.1) and (2.14) is substituted by the 
expressions of aBftr and a'Bftr.  
 drrfafafaVrdT trBtrBtrB 220 )()1(4    (3.2) 
drfafaVrdM trBtrB )1('4 0
3    (3.3) 
Whereas the tip loss factor fw must be applied to Cn and Ct in the force equilibrium 
Eqs.(2.22) as it accounts for tip losses of the aerodynamic forces on the blade. 
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All essential corrections for a rotor with finite number of blades have been successfully 
integrated. An improved BEM model can be established similarly by making Eq. (3.2) 
and Eq.(3.3) equal to Eqs (3.4) and (3.5) for thrust dT and angular moment dM on an 
annular element dr, respectively, the two unknowns, axial and tangential induction 
factors on the blade aB and a'B , can be obtained by iteratively solving Eqs. (3.6) and 
(3.7): 
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(3) Apply the empirical relationship to the axial induction factor proposed in section 
2.8. The BEM model in Eqs. (3.6) and (3.7) remains valid as far as aB<0.4 whereas for 
higher value of aB, the empirical relationship in Eq. (3.8) should be implemented.  
5036
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Where CT is derived by substituting Eq. (3.4) to Eq. (2.35) : 
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The tangential induction factor on the blade a'B is calculated by substituting the 
calculated axial induction factor aB from Eq. (3.8) into either Eq. (3.6) or (3.7). The 
iterative process is revised accordingly as follows: 
1. Assume initial values for induction factors. (commonly aB = aB’= 0) 
2. Calculate the incoming flow angle   using Eq. (2.15a) 
3. Calculate the local AOA α using Eq. (2.15b) 
4. Calculate the loss factors ftr and fw using Eqs.(2.32) and (2.33) 
5. Look up the CL and CD with corresponding α from provided aerodynamic 
coefficients table for a given airfoil.  
6. Calculate Cn ,Ct and σ using Eqs (2.18a), (2.18b) and (2.24), respectively. 
7. Calculate aB and a'B by simultaneously solving Eqs. (3.6) and (3.7) 
8. If aB and a'B have changed more than an acceptable tolerance, go to step 2, else 
continue. 
9. Compare aB with its critical value 0.4, if aB>=0.4, substituting calculated aB into Eqs 
(3.9) to obtain CT that is further substituted into Eq.(3.8) for a new aB from empirical 
correction. Corrected aB is then substituted into either Eq. (3.6) or (3.7) for a'B  
10. Compute normal and tangential forces on blade using Eqs. (3.4) and (3.5) 
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11. Calculate the rotor performance. The shaft torque is calculated by integrating the 
angular moment from all annular elements whereas the flapwise bending moments of a 
blade is obtained by integrating the flapwise bending moment from all blade elements 
of one blade. 
Compared to the classic BEM model, proposed BEM model theoretically improves the 
overall accuracy in predicting the loads on real wind turbine blades. The present BEM 
formulation is original and unique compared with other widely reviewed BEM models 
[13,27,28,32,33,84]. 
 
 
3.3 Distribution of aerodynamic forces 
In reality, the aerodynamic forces are distributive loads on the entire blade. Since the 
external geometry of a large portion of a wind turbine blade is linearly tapered and 
twisted, it is common to consider that the aerodynamic forces vary linearly within each 
blade element [28]. Figure 3.1 shows a blade divided into n numbers of blade elements. 
It requires a total of n+1 radial positions to compute shaft torque and root bending 
moments. For example, the distribution of tangential force (Ft) n for nth blade element 
between radial position rn and rn+1 would be: 
nnt BrArF )(  (3.10) 
where            . Substituting conditions that             at rn and        
        at rn+1 into Eq. (3.10) yields 
nn
ntnt
n
rr
FF
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1
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rr
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 (3.11) 
The contribution of shaft torque from each radial position r is therefore: 
rdrBArdST )(   (3.12) 
The shaft torque generated due to tangential force of the nth blade element is obtained by 
integration respect to r between radial position rn and rn+1 
1
23
1,
2
1
3
1 







n
n
r
r
nnnn rBrAST  (3.13) 
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The total shaft torque is the sum of contributions from N elements of B blades. 



N
n
nnSTBST
1
1,    (3.14) 
 
Similarly, the flap root bending moment (FRBM) is: 



N
n
root
nn
root MM
1
1,
   (3.15) 
The shaft torque is measured regarding to the centre of the rotor whereas the FRBM is 
referred to the blade root, as specified in Figure 3.1. Therefore, the corresponding 
bending arm r must be substituted carefully.  
 
 
Figure 3.1: The linear force distribution is assumed within each blade element 
 
Care must be taken when calculating FRBM that is measured regarding to the root 
chord. For the β=0 as defined in Figure 3.17 at blade root, the Fn from any blade 
element is naturally in the flapwise direction with respect to the root chord. However, if 
the β≠0 at blade root, both Fn and Ft must be resolved accordingly to account correct 
FRBM. In reality, the βT=0 is normally designed at the blade root, whereas βp≠0 is 
achieved by installing a pitching mechanism to regulate the blade performance. As a 
result, β≠0. 
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3.4 Numerical applications 
Present BEM model is programmed in Matlab to perform numerical calculations. As a 
key input, the statically measured 2-D CL and CD were interpolated through curve fitting 
polynomials. Predictions from present BEM model and other available BEM models 
[12,25,32,33] are compared to NREL measurements and estimations [13,25]. Numerical 
comparisons are only presented up to 11m/s wind speed because the AOA would 
exceeds available measured 2-D aerodynamic coefficients for higher wind speed. It 
must be stressed out that this section aims to assess the proposed BEM algorithm alone. 
Restricted by laminar flow, the comparisons in this chapter focused on those results 
obtained at wind speed below 9m/s for which the flow is attached to the blade surface 
so that 3-D radial flow has negligible impact to the accuracy. 
 
 
3.4.1 Specifications of NREL phase-VI test  
The NREL phase-VI test was carried out in early 2000 and offered reliable and 
exhaustive experimental measurements especially for research and testing purposes. 
Complete descriptions on the machine’s configurations and technical specifications are 
readily available from many technical articles [12,13,82,83]. A two-bladed, 5.029m 
rotor radius, stall-regulated wind turbine was installed onsite. The wind turbine operated 
at a constant rotational speed of 71.6 rpm. The blade consists of three geometrical 
segments: (1) the root segment is constant circular section between r=0.508m to 
r=0.883m. (2) the transition region from circular root at r=0.883m to the start of S809 
airfoil at r=1.257m. (3) the main span uses the constant S809 airfoil from rotor radius 
r=1.257m to the tip at r=5.029m.  
 
Figure 3.2 shows the chord distribution of the blade as a function of the rotor radius. 
The chord at circular root (diameter of the circle) is c=0.218m between r=0.508m and 
r=0.660m and linearly narrowed to c=0.183m at r=0.883m where the chord then 
linearly increases to the maximum chord of c=0.707m at r=1.257m. The chord linearly 
reduces from maximum chord of c=0.707m at r=1.257m to 0.355m at tip. Figure 3.3 
shows the distribution of the local twist as a function of rotor radius. The root is not 
Chapter 3 An Improved BEM Model 
 ~ 37 ~  
twisted and the local twist at transitional region linearly increases from βT=0 to the 
maximum local twist βT=20.04º. The βT is described by a polynomial in the main span 
segment. The collective pitching angle is fixed at 3º relative to the blade tip that has a 
local twist of -1.815º. To ensure this pitching configuration, the collective pitch angle 
relative to the root βP= 4.815º must be added to the local twist in order to calculate the 
total twist β relative to the plane of rotation. 
 
 
Figure 3.2: Chord distribution of NREL blades as a function rotor radius r 
 
 
Figure 3.3: Local twist distribution of NREL blades as a function rotor radius r 
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Figure 3.4: NREL phase VI experiment conducted at NASA [12] 
 
The tests were performed in the national Full-Scale Aerodynamic Complex (NFAC) 
of NASA with a closed-loop wind tunnel as shown in Figure 3.4 [12]. The results were 
measured in a flow with less than 1% turbulence making it nearly perfect to use the 
BEM model. The sectional measurements were recorded with 22 pressure taps 
distributed on each airfoil section at five different radial locations on the blade (30%, 
46.7%, 63%, 80% and 95% of r/R). The aerodynamic forces per unit length were 
obtained by integrating the measured pressure distributions. The FRBM and shaft 
torque were also measured using strain gauges and direct output at shaft, respectively. 
More than 1700 different turbine configurations were tested with a wide range of yaw 
angles, wind speeds, cone angles, pitching angles and etc. [13]. Those measurements 
have been broadly studied and arguably offer the most reliable and comprehensive 
references to validate analytical models of any kind.  
 
In present study, the measured results for zero yaw, zero cone angles and upwind 
configuration were selected. Such decision was made to avoid the effects from other 
aspects such as yawed wake vortices and etc., which are not considered in present BEM 
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model. It was also decided based on the fact that most of other BEM models 
[12,25,32,33] were validated against such configuration. The FRBM was 
experimentally measured relative to the chord at tip. To conform to the calculations in 
the BEM model, they are resolved into the normal and tangential directions relative to 
the plane of rotation. The NREL estimations [25] are also used for sensitivity study. In 
their estimation, the measured forces per unit length at each location were assumed 
constant within each blade element in which the centre is defined at the position of 
pressure taps and extends to both sides halfway to the next position of pressure taps. 
The forces acting on each element were calculated by multiplying the sectional force 
per unit length with the length of the blade element, while the shaft torque and FRBM 
were obtained by multiplying the elemental force with the bending distance between 
centre of the pressure tap to the rotor centre and blade root, respectively. As argued in 
section 3.3, such estimations could introduce numerical errors compared to 
experimental measurements because (1) 5 blade elements are not enough for the 
convergence. (2). the linear assumption for the force per unit length is more appropriate 
as the external geometry is linearly distributed at most of the blade span. 
 
 
3.4.2 Measured 2-D aerodynamic coefficients  
The NREL S809 airfoil is constantly used for the main blade span. For simplicity, the 
cross-sections in transitional region may be idealized by assuming the S809 airfoil starts 
from 1.044m and the aerodynamic loads at blade root has negligible effects [12]. The 2-
D aerodynamic coefficients of S809 airfoil have been extensively tested by different 
institutions. The data from Colorado State University (CSU), Ohio State University 
(OSU) and the Delft University of Technology (DUT) [13] are plotted in Figure 3.5 and 
3.6. The measurements from OSU and DUT were obtained at Reynolds number 
Re=10×10
5
 while the CSU was performed at a lower Reynolds number Re=6.5×10
5
. 
Knowing that the Reynolds number in NREL experiments was close to Re=10×10
5
 [13], 
it follows that aerodynamic coefficients from OSU and DUT are more suitable for 
present numerical example.  
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Figure 3.5: 2-D experimentally measured CL at different AOA 
 
 
 
Figure 3.6: 2-D experimentally measured CD at different AOA 
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Figure 3.5 indicates that, between α=0º and α=9º, the measured 2-D CL with 
different Reynolds numbers exhibit a linear increase that is nearly identical. This linear 
part of CL curve is known as the lift coefficient of the inviscid flow. The flow with low 
values of viscosity agrees closely with inviscid flow everywhere except close to the 
fluid boundary where the boundary layer plays a significant role. The CL continues to 
rise with a reduced slope from α=9º to α=15º where a local maximum is reached and 
follows with the occurrence of the stall where the CL decreases sharply. In contrast, the 
measured 2-D CD at different Reynolds numbers are almost identical and negligible up 
to an AOA at α=15º where the drag starts to linearly increase to its peak reflecting the 
occurrence of the stall. The CL from DUT in Figure 3.5 shows a constant higher 
measurement compared with OSU’s measurements, whereas the OSU measurements 
provide more data at higher AOA than those from DUT. It is noticed that the end data of 
CL from DUT tends to develop with significantly higher values compared to those 
obtained with OSU.  
 
Conversely, Figure 3.6 shows the CD from DUT are much lower compared with the 
CD from OSU. Eqs. (2.17) indicates that an increase in lifting force results an increase in 
both Ft and Fn, whereas a decrease in drag force leads to an increase in tangential force 
but a reduction in normal force. Clearly, CL and CD measured at different wind tunnels 
vary from one to another primarily due to the presence of blockage effects. 
Consequently, such inconsistency jeopardizes the accuracy of numerical calculations 
from the BEM model compared to the experimental measurements. However, it is 
impossible to choose between those 2-D aerodynamic coefficients for which offers the 
best compatibility with the NREL onsite condition. For that reason, both aerodynamic 
coefficients are assessed with other models based on their choice of aerodynamic 
coefficients. Such practice aims to eliminate discrepancies of inconsistent input. 
 
 
3.4.3 Coefficients of normal and tangential forces (Cn and Ct) 
The measured Cn and Ct along the blade at different wind speeds are compared with 
results predicted by present BEM model in Figure 3.7 to 3.16. Tip loss correction fw is 
applied to the calculated Cn and Ct to include the tip losses occurred during actual tests. 
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The measured 2-D aerodynamic coefficients from OSU are chosen for this assessment 
as it allows calculations at higher AOA for higher wind speed. The performance can be 
predicted by the present BEM model up to the wind speed at 13m/s with a maximum 
AOA at 26.1º. The experimental results measured at five sections with pressure taps are 
labelled ‘NREL measurements’ while the results calculated by the present BEM model 
with measured 2-D aerodynamic coefficients from OSU are labelled ‘present-OSU’. 
 
For wind speeds between 5m/s and 7m/s, the present BEM model agrees well with 
experimental measurements for the entire blade. Slight overestimation at inboard above 
80% r/R is reviewed indicating the losses at tip on a realistic wind turbine are more 
significant than analytical predictions. The tip loss corrections in present BEM generally 
work well. Similarly, larger overestimations are found at root suggesting a root loss 
correction to the Cn and Ct similar to fw at tip may be necessary. However, such loss is 
relatively small compared to tip loss especially after the effects of 3-D radial flow 
become dominant for the development of aerodynamic forces at root area. This is 
clearly visible in Figure 3.9 to 3.11 since the results from present-OSU are 
incomparable with experimental measurements at root area. The prediction at middle 
board at 60% r/R shows constant underestimations at 5m/s. One possible reason 
reported by NREL [13] was that the inaccurate measurement in tangential forces may 
result from the absence of skin friction drag effects in measurements. Since the Cn and 
Ct were measured using pressure transducers, which means only the pressure drag was 
recorded while viscous stress effects were neglected. If the viscous stress contribution to 
the drag force could somehow be quantified, measurements of the tangential force 
coefficients would essentially decrease so that the prediction would better match with 
measurements. Overall speaking, the accuracy of the present BEM model is graphically 
validated with close agreement of Cn and Ct between experimental measurements and 
present BEM predictions for the most portion of the blade at wind speed below 7m/s. 
The precise prediction of Ct along the outboard of the blade is important to determine 
the power output of a wind turbine since most rotor torque is generated from this part of 
the blade when operating at this wind speed range. The measurements were also 
affected by other minor factors. For example, temperature, air density variations, 
blockage effects and etc. were changing constantly during experiment while the 
numerical calculations were performed with invariable conditions. Thus, the small 
discrepancy is anticipated as a result of both numerical and experimental inconsistency. 
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For higher wind speed, the predictions suggests that the stall is initiated at root 
accompanying by sudden and steep reductions of Cn and Ct. It then spreads from the 
root toward to the tip as wind speed and consequently the AOA keep increasing. 
However, experimental measurements show the aerodynamic forces somehow keep 
increasing to a considerably higher value. The stall eventually occurred from the 
outboard to the inboard later than suggested by measured 2-D aerodynamic coefficient 
in Figure 3.5. Therefore, the underestimations from predictions at middle board and 
inboard become significant compared to experimental measurements. At 9m/s wind 
speed, the discrepancy remains acceptable for Ct whereas the differences for Cn at 
midboard and inboard were rather incomparable. Inspired by Eqs. (2.18), such 
discrepancy could be the consequence if CL and CD during tests are higher than 
measured 2-D CL and CD. In that case, the contribution to Ct from increasing CL is more 
or less cancelled by the increase of CD whereas the effects from increasing of CL and CD 
are added together for Cn. For wind speed over 9m/s, using 2-D aerodynamic 
coefficients for majority of the blade span completely fall apart compared with 
measured results. The discrepancy is considerably stronger at root and is decreasing 
towards to tip where it was hardly noticed. Such phenomenon is well known as stall 
delay due to 3-D radial flow and will be explained in next Chapter. 
 
In general, the predictions over 80% span consistently yield better accuracy than 
elsewhere on the blade suggesting the aerodynamic coefficients of a rotating blade in 
this region are properly approximated by measured 2-D aerodynamic coefficients 
regardless of increasing wind speed. The rotational effects such as radial flow at 
outboard especially close to blade tip are indeed minimal. In contrast, flow around 
inboard especially innermost part of a wind turbine blade is very complicated and the 
rotational effects dominate the characters of flow around this part of the blade at higher 
wind speed. In addition, the disturbances around the hub make even harder to accurately 
predict aerodynamic forces in this region. Since the outboard parts of the blade are in 
deep stall and most rotor torque and FRBM are contributed by loads from the innermost 
blade sections, proper predictions of aerodynamic forces at the inboard of the blade are 
especially critical for wind turbines that operate at high wind speed. 
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Figure 3.7: Comparison of Cn along blade at wind speed 5m/s 
 
Figure 3.8: Comparison of Cn along blade at wind speed 7m/s 
 
Figure 3.9: Comparison of Cn along blade at wind speed 9m/s 
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Figure 3.10: Comparison of Cn along blade at wind speed 11m/s 
 
Figure 3.11: Comparison of Cn along blade at wind speed 13m/s 
 
Figure 3.12: Comparison of Ct along blade at wind speed 5m/s 
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Figure 3.13: Comparison of Ct along blade at wind speed 7m/s 
 
Figure 3.14: Comparison of Ct along blade at wind speed 9m/s 
 
Figure 3.15: Comparison of Ct along blade at wind speed 11m/s 
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Figure 3.16: Comparison of Ct along blade at wind speed at 13m/s 
 
 
3.4.4 Flapwise and edgewise forces per unit length (Ff and Fe) 
To compare with other competitors, the flapwsie and edgewise forces per unit length 
from present BEM are compared with results calculated by S.Breton et al.[25], which is 
the most recent BEM publication. Figure 3.17 shows the conventions of aerodynamic 
forces per unit length in flapwise and edgewise directions respect to plane of rotation, 
denoted by Ff and Fe. The Fn and Ft in Eqs (2.21) are corrected by adding the tip loss 
factor fw as: 
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aerodynamic coefficients from DUT are used in present BEM model too, labelled 
‘present-DUT’.  
 
 
Figure 3.17: Conventions of aerodynamic forces respect to plane of rotation 
 
The predictions of Ff and Fe from ‘present-DUT’ and ‘Breton-DUT’ are compared to 
NREL measurements at wind speed 7m/s in Figure 3.18-3.19. Close agreements were 
found between ‘present-DUT’ and ‘Breton-DUT’. Unfortunately, the formulations of 
‘Breton-DUT’ were not reviewed so that it was impossible to compare theoretical 
formulations between two BEM models. Nevertheless, the difference of predicted Ff 
from two models near blade tip is clearly visible compared to NREL measurements. The 
application of tip loss factor fw to Cn and Ct ensures better predictions from the present 
BEM model at sections closed to blade tip. Moreover, refined agreements were found 
close to root at 30% r/R indicating the proposed BEM model offers further refinements 
at root segment as well. The predictions for Fe were found almost equally accurate from 
both BEM models compared to NREL measurements. Eqs (3.12) and (3.13) shows the 
Ff is the sum of flapwise projection of Fn and Ft whereas Fe is the difference of 
edgewise projection of Fn and Ft. Thus, the effects of applying tip loss factor fw is more 
visible for Ff than Fe. Furthermore, comparisons in Figures 3.18 and 3.19 indicate that 
the measured 2-D aerodynamic coefficients from DUT yields closer agreements to 
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NREL measurements compared with corresponding comparison using 2-D OSU 
aerodynamic coefficients in Figures 3.8 and 3.13. Although they both fails to 
completely eliminate the small overestimations at root and tip, the present BEM model 
is consistent and reliable since such discrepancies could be either numerical errors or 
experimental errors. Either way, they are well within acceptable tolerance. 
 
 
Figure 3.18: Comparison of Ff along blade at wind speed 7m/s 
 
 
Figure 3.19: Comparison of Fe along blade at wind speed 7m/s 
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3.4.5 Angle of attack 
Figure 3.20 compares the spanwise distribution of the AOA at various wind speed 
between predictions from present-OSU and NREL measurements. The calculated AOA 
differed from those measured experimentally with significant margins. It can be seen the 
AOA at wind speed below 9m/s tends to consistently under-predicted inboard and over-
predicted mid-board and slightly over-predicted outboard. The predictions compare well 
at tip as the magnitude is relatively small. For higher wind speed, strong 
overestimations are found between 43% r/R and 95% r/R, which are possibly caused by 
the incompatibility between measured 2-D and onsite testing aerodynamic coefficients.  
 
Several percent of inaccuracy for the AOA are acceptable even though they do have 
an impact on discrepancies of former comparisons. However, the great difference was 
unexpected. Surprisingly, mis-prediction is constant on a large portion of the blade even 
at wind speed 5m/s to 7m/s, which is not in line with the close comparisons discussed 
earlier. Such suspicious inconsistency is possibly caused by difficulties in 
experimentally measuring the AOA. Although the elastic twisting is not considered in 
present BEM model at this stage, similar mis-predictions were found by NREL too 
when comparing experimental measurements with their simulations using their 
advanced aero-elasticity code FAST_AD, which accounts elastic twisting [13]. The 
explanation was given by NREL that the AOA measurements at each radial location 
were not entirely reliable and the manual efforts must be reduced. Theoretically, the 
combination of the BEM model with 2-D aerodynamic coefficients should be reliable, 
at least, for wind speed between 5m/s to 7m/s.  
 
Moreover, Figure 3.20 indicates that the predicted AOA of the entire blade is 
generally below α=15.2º at wind speed below 9m/s. Associated with measured 2-D 
aerodynamic coefficients in Figures 3.5 and 3.6, it is noticed that a steep decrease for CL 
begins at α=15.2º. This is identified as the onsite stall angle during experimental 
measurements of 2-D aerodynamic coefficients. The flow in stall starts to separate from 
airfoil surface and consequently lead to a great loss of lifting force. As wind speed 
keeps increasing to 13m/s, the local AOAs at up to 88% r/R exceed this critical value 
and the stall is developed from root to tip. Although the available 2-D aerodynamic
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Figure 3.20: The comparisons of angles of attack predicted with available 2D aerodynamic 
coefficients from OSU at Re=10×10
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Figure 3.21: Sensitivity study for AOA along blade 
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coefficients are not sufficient to predict for higher wind speeds, the blade will physically 
reach a condition where the local AOAs are greater than 15.2º for the entire blade. As 
realised in comparisons of Cn and Ct, the 2-D aerodynamic coefficients are no longer 
valid to represent aerodynamic coefficients of a 3-D rotating blade for higher wind 
speed in stall condition. 
 
Figure 3.21 displays the variations of the AOA between the numerical predictions 
and experimental measurements at five radial locations subject to different wind speed. 
The averaged difference is also plotted, labelled “mean’. Clearly, the variation of AOA 
becomes more visible from tip to root indicating the corrections at root are inadequate. 
In comparison, the AOA measurements are instable towards to root as the spread scatter 
appears. The errors are always above 0 at 63% and 80% r/R, indicating consistent 
overestimations are presented regardless of flow condition. Obviously, this conclusion 
does not comply with discussion of Cn and Ct. as well 
 
3.4.6 Shaft torque and flap root bending moment 
To examine the collective effects of the aerodynamic force on wind turbine blades, shaft 
torque and FRBM are assessed. Numerical results were calculated by different BEM 
models with different configurations except NREL estimations: 
 NREL estimations: the aerodynamic forces from each blade elements were 
obtained by multiplying the measured sectional forces with blade element length. 
 PHATAS-ideal-DUT: PHATAS BEM model with idealized blade specifications 
such as constant air density, Reynolds number, upstream wind speed and etc. and 2-D 
DUT aerodynamic coefficients. (α>20º, Stc reproduced) [12] 
 PHATAS-practical-DUT: PHATAS BEM model with practical blade 
specifications such as variable air density, Reynolds number, upstream wind speed and 
etc. and 2-D DUT aerodynamic coefficients. (α>20º, Stc reproduced) [12] 
 PHATAS-practical-OSU: PHATAS BEM model with practical blade 
specifications and 2-D OSU aerodynamic coefficients. (α>20º, Stc reproduced) [12] 
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 J.Martinez-OSU: J.Martinez’s BEM model with idealized blade specifications and 
2-D OSU aerodynamic coefficients. (α>15.2º, 2-D/3-D-OSU-VC reproduced as outlined 
in section 4.2) [32] 
 J.Martinez-DUT: J.Martinez’s BEM model with idealized blade specifications and 
2-D DUT aerodynamic coefficients. (α>15.2º, 2-D/3-D-DUT-VC reproduced as outlined 
in section 4.2) [32] 
 EOLO: R.Lanzafame’s BEM model with a logarithm function fitting 2-D 
aerodynamic coefficients at Re=10×10
5
 [33] 
 Breton-DUT: Breton’s BEM model with DUT 2-D aerodynamic coefficient.  
(α>20º reproduced by Coton et al.) [25] 
 Present-OSU: present BEM model with OSU 2-D aerodynamic coefficient up to 
α=26.1º. 
 Present-DUT: present BEM model with DUT 2-D aerodynamic coefficient up to 
α=20.1º. 
 
The predictions of shaft torque from different BEM models are compared to NREL 
measurements and estimations in Figure 3.22. For wind speed between 5m/s to 7m/s, all 
BEM models agrees closely to NREL measurements. It was very difficult to distinguish 
which model offers the best accuracy compared to NREL measurements. Predictions 
from present-OSU model closely agree with those from J.Martinez-OSU model. The 
EOLO model employs the classic BEM model with Prandtl’s tip loss factor, and the 2-D 
aerodynamic coefficients were fitted by logarithm function to experimental 
measurements. Clearly, the EOLO shows inadequate corrections to the classic BEM 
model compared with others. Furthermore, comparisons of aerodynamic forces imply 
that overestimations of local aerodynamic forces at some parts of the blade and 
underestimations at other parts are most likely mitigated by each other and consequently 
the discrepancies of collective figure are small. Therefore, the accuracy of shaft torque 
and FRBM must be confirmed alongside with validation of the distributive forces on the 
blade. In addition, idealizing the specifications of machine and testing facilities 
introduces possible inconsistency compared to experimental measurements. Both 
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PHATAS-practical models shows improved agreements compared to others as the 
measured onsite specifications were implemented. For example, the air density was 
1.245kg/m
3
 at wind speed up to 10m/s and 1.225kg/m
3
 at higher wind speed. Present 
BEM models consistently achieve arguably the best accuracy compared to NREL 
measurements. Unsurprisingly, present BEM model with measured 2-D aerodynamic 
coefficients offers excellent accuracy under laminate flow at wind speed below 7m/s.  
 
Above 7m/s wind speed, spread scatter from predictions appears and tends to be 
more significant with increasing wind speed. Above 9m/s wind speed, the AOA at 
inboard exceeds the stall angle α=15.2º after which the present models and J.Martinez’s 
model starts to develop oppositely as the reproduction of aerodynamic coefficients 
begins in J.Martinez’s model. This is also true in comparisons of present-DUT with 
Breton-DUT which shows the divergence from two BEM models is initiated at 10m/s.  
 
 
Figure 3.22: Comparisons of shaft torque between BEM predictions and measurements 
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Figure 3.23: Comparisons of FRBM between BEM predictions and measurements 
 
The FRBM is another equally important aspect to examine the consistency and 
accuracy of the BEM algorithms. BEM models developed by J.Martinerz and 
R.Lanzafame were not adequately validated since no comparisons of the FRBM were 
presented. The predictions from BEM models are compared to experimental 
measurements in Figure 3.23. The FRBM was measured at 0.432m away from the rotor 
centre corresponding to the attachment of blade to the rotor hub. The blade was pitched 
at 3º regarding to the tip chord line that is corresponding to the location of the installed 
strain gauge. A constant difference about 350N.m was observed comparing the 
predictions to NREL measurements, including the NREL estimations. Arguably, a 
systematic error in measuring the FRBM may be the reason for this unexpected gap that 
exists even at wind speed below 7m/s. However, such argument has not been approved 
by NREL. 
Suspiciously, the prediction from present-DUT agrees well with NREL estimations 
while the predictions from present-OSU approach closer to experimental measurements. 
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This is understood as the CL from DUT is slightly higher than OSU. The present-DUT 
shows small reduction of such constant discrepancy compared to other candidates that 
also using idealized specifications, indicating present BEM model consistently improve 
the analytical accuracy. The causes of the discrepancies in comparisons of Cn are most 
likely the causes for the discrepancies in here. For wind speed higher than 9m/s, the rate 
of increasing FRBM starts decreasing as the CL significantly drops in stall. However, 
the predictions exhibit almost flat development of the FRBM whereas a steep raise was 
measured. Other competitors show better accuracy compared with present BEM model 
for wind speed between 11m/s to 13m/s benefiting from their reproduced aerodynamic 
coefficients. 
 
3.4.7 Convergence  
Like finite element method for structural analysis, the BEM has a convergence issue too. 
The convergence study are carried out with the number of discretized blade elements 
from n=10,20,40,80. In Figure 3.24, the shaft torque calculated by present-OSU 
gradually approaches to NREL measurements as the number of blade elements increases. 
Analogously, Figure 3.25 shows the FRBM diverges away from NREL measurements at 
wind speed 7m/s and converges closely at wind speed above 10m/s. This trend is most 
likely caused as the measurement of the FRBM was unreliable and should be close to 
NREL estimations at wind speed of 5m/s to 10m/s. In that case, the predication 
converges to the experimental measurement (or at least NREL estimations). The graph 
also confirms that increasing the number of discrete blade elements from n=10 to n=20 
improves convergence considerably whereas it is less influential from n=20 to n=40. 
Typically, 20 blade elements are sufficient to generate discrete load cases while the 
computational efficiency is reserved. Clearly, the assumption that the aerodynamic 
forces within each blade element are linearly distributed is more efficient and effective 
to converge than the assumption that the aerodynamic forces are constant within each 
blade element. Finally, it was noticed that the divergence tends to increase with 
increasing wind speed as the numerical errors at each section on the blade are enlarged. 
Therefore, fewer elements would accumulate larger divergence for entire blade at higher 
wind speed. 
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Figure 3.24: Convergence study of shaft torque using present-OSU model 
 
 
Figure 3.25: Convergence study of FRBM using present-OSU model 
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3.5 Summary 
An improved BEM model has been developed by collectively applying individual 
corrections of the classic BEM model reviewed from sections 2.6 to 2.8. To facilitate 
validations of present BEM model, the numerical applications have been performed 
with the experiemental test of a two-bladed wind turbine system conducted by NREL. 
The comparisons of Cn and Ct, Ff and Fe , AOA, shaft torque and FRBM have been 
carried out for wind speeds upto 13m/s. The numerical predictions from present BEM 
model are compared with those from other BEM models with respect to NREL 
measurements. 
 
For wind speed below 7m/s, present BEM model shows good consistency in 
predicting the distributive Cn and Ct for the entire blade compared to NREL 
measurements. The losses at blade tip and root are effectively accounted. In particular, 
applying the tip loss factor fw effectively improves the correction of aerodynamic forces 
at tip. This is further proved by comparing estimations of Ff and Fe from present BEM 
model with its counter-part given by S.Breton et al [25]. The shaft torque also agrees to 
NREL measurements closely. However, the inconsistent 2-D aerodynamic coefficients 
from different institutions produce different predictions. The predicted FRBM exposed 
relatively large overestimation compared to NREL measurement which is not in line 
with the conclusion, drawn from close comparisons of Ff and Fe. As all participating 
models show nearly the same overestimation within this wind speed range, unnoticed 
systematic error might occur during NREL tests when measuring the FRBM. In 
conclusion, with reliable input of aerodynamic coefficients, present BEM model is 
validated as an efficient and accurate model to predict aerodynamic forces induced on 
wind turbine blades. 
 
For wind speeds over 9m/s, the predictions at inboard of the blade start to heavily 
underestimate Cn and Ct, consequently the shaft torque and FRBM. Such discrepancy 
grows further from blade root towards to blade tip. Moreover, the selection of the AOA 
to begin reproductions of missing aerodynamic coefficients is different from each BEM 
model. As a result, predictions of other BEM models, using reproduced aerodynamic 
coefficients, present largely spread results compared to NREL measurements. In 
addition, the 3-D rotational effects have shown dominant influence for wind speeds over 
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9m/s. Under this circumstance, statically measured 2-D aerodynamic coefficients are no 
longer valid to represent 3-D aerodynamic coefficients of rotating wind turbine blades. 
It is essential to optimize present BEM model with an efficient and effective 
representation of aerodynamic coefficients for higher wind speeds, in essence, higher 
AOA in stall. Without precisely determined aerodynamic forces, the blade structural 
design and optimization would be greatly unreliable. With this in mind, the physical 
event in stall condition will be investigated in next chapter. 
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Chapter 4 
Stall Delay Modelling of  
Rotating Wind Turbine Blades 
 
4.1 Introduction 
As a continuously rotating mechanism, rotational effects of a wind turbine system 
always exist. It is only a matter of fact whether those effects are negligible or dominant. 
Comparisons in Chapter 3 have clearly revealed the presence of noteworthy rotational 
effects initiated at wind speed over 7m/s, suggesting it is no longer valid to represent 
aerodynamic coefficients of a 3-D rotating blade by statically measured 2-D 
aerodynamic coefficients. Accurate predictions from the BEM model rely on input of 
precise and consistent onsite aerodynamic coefficients. According to predictions in 
Chapter 3, the predicted shaft torque shows decreasing trend from 10m/s wind speed 
because the flow separation occurs, accompanying by the significant loss of the lifting 
force. Such phenomenon is known as stall. For flow under stall condition, initiated at 
stall AOA, αs, suggested by 2-D aerodynamic coefficients in Figure 3.5 and 3.6, 
experimental evidence show that the measured shaft torque of an operating wind turbine 
consistently presented significantly higher shaft torque than BEM predictions. In 
addition, the Cn and Ct keep increasing to considerably higher values until the local stall 
eventually occurs from the outboard to the inboard, later than anticipated. In fact, such 
physical phenomenon has long been well known as the stall delay or some refers as 
dynamic stall [27].  
 
Many works were carried out attempting to quantify the stall delay. R.Lanzafame 
[33] developed mathematical functions to represent aerodynamic coefficients in deep 
stall regime. The expression is similar to the one developed by Viterna and Corrigan 
[40]. It is important to stress out that the intention of this chapter is to find a predictive 
model (as opposed to a curve fitting model). Various predictive stall delay models were 
developed to offer possible stall delay corrections by superimposing effects of the stall 
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delay to the statically measured 2-D aerodynamic coefficients. A group of eight stall 
delay models [12,34,41-45] is studied. Seven of which are stall delay models except one 
proposed by Martinez et al [32], which considers 3-D effects by averaging 2-D 
aerodynamic coefficients and 3-D aerodynamic coefficients reproduced by Viterna and 
Corrigan’s model (‘2-D/3-D average VC model’)[40]. Six stall models and the 2-D/3-D 
averaged VC model are implemented in present BEM model. However, none of these 
models offered satisfactory predictions compared to NREL measurements. A new stall 
delay model is developed based on the simplest but the most common and effective stall 
delay model proposed by Snel et al [41], which has been comprehensively used as the 
fundamental theory in developments of many other stall delay models [39,42-44]. The 
dependency of local speed ratio is introduced and the correction to the CD is added 
based on the correction to the CL since no correction was proposed by Snel et al [41] to 
the CD. The predictions at wind speed from 13m/s to 25m/s are comprehensively 
compared to NREL measurements and estimations. In addition, as a demonstration to 
utilize present analytical model for performance optimizations of a wind turbine system, 
the global pitch angle, βp, is optimized for the best power production while minimizing 
FRBM.  
 
 
4.2 2-D/3-D averaged VC model 
For laminate flow condition, a rotating blade can be considered with infinite span length 
so that the radial flow induced by the blade rotation has negligible effects. Once the 2-D 
streamline flow becomes unstable and trends to separate from the blade surface, the 3-D 
rotational effects can be taken account by considering the finite span length of the blade. 
The model to reproduce 3-D aerodynamic coefficients in such a way was firstly 
developed by L.Viterna and R.Corrigan (VC) [40]. The formula was summarized by 
J.Martinerz et al [32] as follows: 
 sin/cos2sin
2
1 2
max, LDL KCC   (4.1) 
 cossin2max, DDD KCC   (4.2) 
Where:  
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ssssDsLL CCK 
2
max,, cos/sin)cossin(   (4.3) 
ssDsDD CCK  cos/)sin(
2
max,,   (4.4) 
0max, 018.011.1 KCD   (4.5) 
where cLK /0   is the finite mean aspect ratio of the blade where L is the blade span 
length and c  is the mean chord length. CD,max is the maximum drag coefficient at α=90º. 
CL,s and CD,s are the lift and drag coefficients obtained at the stall angle αs, which is the 
AOA seen the CL drop. As defined in Eq. (4.5), CD,max is a linear function of mean 
aspect ratio K0. To reproduce 2-D aerodynamic coefficients, K0=50 is used to interpret 
the blade with an infinite length. To reproduce 3-D aerodynamic coefficients, K0=6.9 is 
used to account finite size of the NREL blade under the stall.  
 
J.Martinerz individually implemented both 2-D (K0=50) and 3-D (K0=6.9) VC 
aerodynamic model into their BEM model to reproduce the power curve of NREL wind 
turbine. The comparison indicated that 2-D VC model, as expected, heavily 
underestimated the true power in stall as a result of significant CL drop. In contrast, 
using 3-D VC model considerably overestimated the true power curve in stall because 
the 3-D rotational effects have minimal impacts on outboard area as concluded in 
Chapter 3. Researchers with similar observations noticed the amount of the 
underestimation and overestimation to the measured power curve are more or less the 
same. Tangler [85] suggested averaging the power curves calculated by 2-D and 3-D 
VC models yields a fairly good agreement even at higher wind speed in deep stall. As 
an alternative, J.Martinerz proposed a 2-D and 3-D averaged VC model to reproduce 
aerodynamic coefficients, as shown in Eqs (4.6) and (4.7). 
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(4.6) 
(4.7) 
This method has been found to reproduce the best power curve of NREL phase-VI test. 
J.Martinerz claimed that their 2-D/3-D VC model was additionally validated with four 
other experimental measurements which were convinced to cover all diversities of blade 
parameters and testing conditions including wind tunnel tests, field experiments and 
different air densities. Argued in present study, 2-D/3-D average VC model was, 
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however, only checked for collective factors but not distributive factors such as Cn and 
Ct along blade. Discussions in Chapter 3 evidently implied that overestimations at some 
parts of the blade and underestimations elsewhere may coincidently mitigate overall 
error and consequently lead comparable power and FRBM. In essence, the physical 
incident, stall delay, was incorrectly modelled. Remind by this argument, predictions of 
distributive factors, i.e. AOAs, CL & CD and Cn & Ct from 2-D/3-D average VC model 
will be compared to experimental measurements to fully check its validity. 
 
 
4.3 Existing stall delay models 
Different from 2-D/3-D VC model, corrections to the absence of rotational effects were 
also carried out by exploring the boundary layers of the flow over the blade surface. 
While computational, theoretical and experimental investigations were performed, none 
of which could accurately predict the flow physics behind stall delay phenomenon and 
this was ultimately to blame for their lack of generality [25].  
 
In early 2000, the blind comparison exercises were performed with NREL’s phase 
VI experiment [13]. The invited researchers were requested to predict loads without 
knowing the experimental results. None of participants gave the correct answers 
compared to experimental measurements. What agreed by participants was that the 
cause of inaccuracy was the incorrect modelling of the stall delay phenomenon. 
Comparisons in Chapter 2 revealed the stall delay has more significant impact at close-
to-root region than close-to-tip region. In addition, stall delay were found to spread 
along the blade. Furthermore, wind turbine blades are feathered with linear tapering and 
continuous twisting from root to tip. As a result, the radial flow is presented in helical 
shape which follows the twisted curvature of blade surfaces. Lindenburg [12] 
commented that the ‘delay’ could eventually reverse to ‘advance’ at tip, resulting the 
appearance of reduced CL earlier than suggested by αs. Ever since the blind comparison 
exercise, engineers are seeking an accurate stall delay model to accurately represent 
NREL experiment. Therefore, sometimes it is very difficult to judge the validity and 
applicability of those stall delay models on other wind turbines.  
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Recently in 2008, a comprehensive revision was carried out by SP.Breton et al [25] 
to compare six different stall delay models, which arguably covered all stall delay 
models up to date. Revisions of those six stall delay models met an agreement that 
measured 3-D aerodynamic coefficients of a rotating blade can be approached by 2-D 
aerodynamic coefficients with an increment induced by stall delay phenomenon. The 
general forms are given in Eqs. (4.8) and (4.9): 
LLDLDL CfCC  2,3,   (4.8)  
DDDDDD CfCC  2,3,  (4.9) 
where fL and fD are factors or functions to correct the ΔCL and ΔCD, which are the 
difference between the aerodynamic coefficients obtained if no separation occurs 
(inviscid flow) and statically measured 2-D aerodynamic coefficients, as defined in Eqs. 
(4.10) and (4.11).  
DLinvLL CCC 2,,    (4.10)  
invDDDD CCC ,2,   (4.11) 
The CL of inviscid flow, CL,inv, is obtained as a linear function of AOA in Eq. (4.12) 
whereas the corresponding CD remains constant with the magnitude at zero AOA as 
given in Eq. (4.13).  
)(2 )0(,  LCinvLC    (4.12)  
)0(,,  DinvD CC  (4.13) 
All six stall models plus the one proposed by Dumitrescu H. et al [34] are briefly 
summarized below. The detailed derivations of those stall delay models are not required 
for the interest of present thesis but basic understanding is essential to determine which 
would best fit into present BEM model.  
 
Stall delay model 1: Snel et al [41]  
Based on an order of magnitude analysis of the boundary layer equations for the laminar 
and turbulent flow, a quasi 3-D formulation was derived by Snel to integrate the stall 
delay effects on the boundary layer at sections with high aspect ratio (c/r). After 
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reformulating derived equations in dimensionless integral quantities, it was found that 
blade rotation has empirical dependency on the local chord to local radius ratio (c/r). A 
simple modification to the 2-D CL was proposed as shown in Eq. (4.14). Snel did not 
propose the correction to the CD. The factor 3.1 was used to fit with experimental 
measurements. 
2)(1.3
r
c
fL   (4.14) 
 
Stall delay model 2: Chaviaropoulos and Hansen [42]  
Investigating by means of a quasi 3-D Navier-Stokes model, Chaviaropoulos and 
Hansen extended ideas from Snel et al [41] and proposed an improved correction factor 
fL in Eq. (4.15). In addition to the ratio c/r, an extra dependency of blade local twisting 
angle β was introduced to account the fact that the radial flow follows a helical path due 
to blade twisting. Moreover, the correction to CD was included with the same correction 
factor as the one for the CL. 
)(cos)( nhDL
r
c
aff   (4.15) 
The values of the constants are experimentally determined as a = 2.2, h = 1 and n = 4.  
 
Stall delay model 3: Raj [43] 
Raj presented an improved semi-empirical model for 3-D stall delay effects. The work 
was an improvement from the stall delay model previously published by Du [39], which 
was developed based on solving integral boundary layer equations. Yet again it was a 
derivative of the stall delay model firstly proposed by Snel et al [41]. A separation factor 
was found by integrating laminar boundary layer equations up to the separation point, 
which gives the position of the separation point on the rotating surface of the blade as a 
function of local chord to rotor radius (c/R) and the local speed ratio λr, defined as ωr/V0. 
The two important corrections made by Raj to the model developed by Du are (1) 
instead of the reducing CD proposed by Du, an increasing CD in stall was proposed 
based on the observations from NREL comparisons. (2) the local speed ratio 
dependency was used rather than tip speed ratio. The factors fL and fD are finally 
expressed as. 
Chapter 4 Stall Delay Modelling of Rotating Wind Turbine Blades 
 ~ 66 ~  
 Rrc
d
Rr
rcb
d
Rr
rca
rc
f
r
n
r
n
L /
)/(
)/(
)/(
)/(
1267.0
)/(6.1
2
1
1
1
1
1
1
1
1



















  (4.16)  
 Rrc
d
Rr
rcb
d
Rr
rca
rc
f
r
n
r
n
D /
)/(
)/(
)/(
)/(
1267.0
)/(6.1
2
1
2
2
2
2
2
2
2



















 (4.17) 
ai, bi, ci, di and ni are constants to best fit experimental results. Breton et al. [25] 
suggested that the values of those constants for the NREL test are:  
0.1      0.6       1.0      0.6    0.2 11111  ndcba  
0.1      0.3       2.0      1.0    0.1 22222  ndcba  
(4.18) 
Additional instruction was given by Raj that the application of this stall delay correction 
should be suddenly removed once AOA reaches 30º. This was considered as the AOA, at 
which the local stall eventually occurs. However, instantaneously removing the 
correction creates discontinuity in aerodynamic coefficients and consequently the 
discontinuity in power curve. Instead of suddenly stopping correction, Lindenburg [12] 
chose to apply the correction in a way that fL and fD linearly decreases to zeros from 
α=30º to α=90º. In such way, the discontinuity in aerodynamic coefficients was 
prevented. Such arrangement is combined with Raj’s stall delay model and implemented 
into present BEM model. 
 
Stall delay model 4: Corrigan and Schillings [44] 
The model was derived from the boundary-layer equations. The model accounts stall 
delay simply with a shift of AOA in measured 2-D aerodynamic coefficients. The shift 
of the AOA can be quantified by Eq. (4.19): 
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rc
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   (4.19)  
where        is obtained at the first peak of CL,max. μ is a linear adverse velocity 
gradient. Factor n is experimentally determined. The lift coefficient requires further 
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corrections as: 


 

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 invLDLDL
C
CC
,
2,3, )()(   (4.20)  
Corrigan and Schillings suggested that n=0.8 to 1.6 gave good correlation while Tangler 
and Selig [86] and Xu and Sankar [87] found n=1 yielded satisfactions in many cases. 
The latter value is used in our calculations for numerical comparisons. 
 
Stall delay model 5: C.Lindenbury [12] 
C.Lindenbury proposed a stall delay model based on that delaying stall occurs at trailing 
edge due to Coriolis force in the chord direction. Due to the rotation of the blade, the 
pumped flow separates a volume of air in centrifugal direction. As a result, an additional 
normal force on the airfoil is induced. Therefore, the additional dimensionless normal 
force resulting from the Coriolis-accelerations is: 
 2/)1)((5.1 reln Vrf
r
c
C    (4.21)  
where the matching factor 1.5 was determined from fitting with experimental 
measurements for shaft torque of UAE phase-VI test. The expression for the non-
dimensional trailing-edge separation distance f as a function of the normal force 
coefficient is given by Kirchoff/Helmholtz model published by Leishman [88]  as: 
  )(2/)1( 020,  


 L
L
c
Cn
n f
C
C 

  (4.22)  
where   /0, LCnC is the gradient of the Cn under laminar flow. In addition, the 
delayed AOA which was used by Corrigan and Schillings [44] was also introduced: 
2
23 )/)(/)(1(5.1).2/(3.0 relDD Vrrcf     (4.23)  
The factor 0.3 was another experimental scaling factor. Thus, projecting the induced 
normal force from centrifugal pumping effects into lift and drag direction with 
trigonometry coefficients cos(α) and sin(α), respectively, the resultant lift and drag 
coefficients of a rotating blade are finally given: 
nDDLDL CCC  )cos( 32,3,    (4.24)  
Chapter 4 Stall Delay Modelling of Rotating Wind Turbine Blades 
 ~ 68 ~  
nDDDDD CCC  )sin( 32,3,   (4.25) 
Too many experimental matching factors were involved in Lindenburg’s stall delay 
model for NREL UAE-VI phase test. For that reason, it was not tested in this study.  
 
Stall delay model 6: Bak [45] 
Different from the aforementioned stall delay models which are similar kind, the stall 
delay model proposed by Bak was developed based on the analysis of the pressure 
difference between rotating and non-rotating blades. Reference [25] suggested that 
relatively large errors of Bak’s model were found compared with those models based on 
boundary layer methods. For that reason, it was also excluded from searching list for a 
stall delay solution. Even so, their stall delay model in Eq. (4.26) still provides 
important indications about dependency of stall delay phenomenon. 
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Equation (4.26) implies that the difference between the pressure distribution on a 
rotating and a non-rotating blade ΔCp is related with rotor radius over local radius ratio 
(R/r), together with the local chord to local radius ratio (c/r), which appears to be 
commonly used by all stall delay models above. 
 
Stall delay model 7: Dumitrescu and Cardos [34] 
Very recently (2012), the stall delay model proposed by Dumitrescu and Cardos is 
added as a potential candidate. The proposed stall delay model was also developed from 
solving 3-D boundary layer equations. A viscous decay of the vortex lift along blade 
was assumed and a new stall model but similar to aforementioned was proposed: 







 )
1/
exp(1
cr
fl

 (4.27) 
The factor γ=1.25 generally compares well to experimental measurements. The 
correction was applied at the inner portion of blade where r/c<3 as specified by 
Dumitrescu and Cardos. No correction to CD was proposed.  
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4.4 A new stall delay model 
After revisions of all stall delay models, the following observations are summarized: 
 
 The dependency of c/r ratio is generally required in all stall delay models. 
SP.Breton [25] concluded that the quadratic dependency of c/r ratio provided good 
empirical results compared to experimental measurements at 30% r/R where the effects 
of stall delay are significant. For those with linear dependency of c/r ratio, relatively 
large overestimations were presented.  
 
 The dependency of λr is required. For Chaviaropoulos and Hansen’s stall delay 
model, the dependency of cos(β) is a similar form of λr =cos( ). It was found by 
C.lindenburg [12] that the dependency to quadratic λr provided a smooth transition 
between stall delay and deep stall. Originally, the induced velocity was excluded in the 
rotational velocity on molecular in Eq. (4.28) as it meant to account the rotational 
effects brought by rotation of the blade. However, it is debated in present study that the 
induced velocity is also part of the consequence caused by blade rotational effects and 
therefore should be considered. Finally, the revised λr is expressed as follow:  
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(4.28) 
where the λtip is the tip speed ratio including the induced velocities: 
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

  (4.29) 
Actually the dependency of radial position (R/r) in Eq. (4.28) can also be found in stall 
delay models of Bak and Raj. In fact, the λr was introduced in Raj’s stall delay model as 
well. However, the appearance in both molecular and denominator implies that such 
dependency in Raj’s model is more or less irrelevant.  
 
 The local stall angle should find themselves theoretically rather than experimentally, 
e.g. the 30º proposed by Raj. In addition, this angle changes at different span locations 
rather than uniform for entire blade as the significance of the stall delay varies along 
blade.  
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Encouraged by the above observations, a new stall delay model is proposed based on 
the stall delay model of Snel, which is well recognized as the simplest yet most effective 
stall delay model. The quadratic dependency of (c/r) in original Snel’s model was too 
strong but is appropriately limited by introducing the quadratic dependency of λr. 
 
The major shortage of the original Snel’s model is that no corrections to the 
increasing drag was proposed, which is not in line with NREL experimental discovery. 
The stall delay model of Chaviaropoulos and Hansen makes fL=fD to both lift and drag 
coefficients. If the factor of sine function for drag coefficient in Lindenburg’s stall delay 
model is replaced by cosine, the fL and fD would be identical. In Du and Selig stall delay 
model [39], if the unity was assigned for the experimental constants and the identical 
form of fL and fD would be obtained. Inspired by this observation, a correction to the CD 
is proposed, similar to the correction of the CL of present stall delay model. Finally, 
proposed stall delay model can be summarized as: 
LLDLDL CfCC  2,3,  (4.30a) 
DDDLDL CfCC  2,3,  (4.30b) 
where: 
 22)(1.3 rDL
r
c
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Substituting Eq.(4.28) and (4.29) into Eq.(4.30c) yields: 
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(4.31) 
 
This correlation indicates the correction to stall delay fundamentally depends on 
five parameters, namely chord length (c), local radius (r), rotational speed (ω) and 
upstream wind speed (V0). Moreover, it is coherent with induced velocities aB and a'B on 
the blade suggesting the interactions with BEM iterations are considered. For a given 
radial location, the r and c are constant. In addition, the ω is the fixed rotational speed 
of the rotor under operational condition. Therefore, the stall delay should decay rapidly 
toward to zero with increasing V0. Likewise, the c and r at region closed to root are 
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relatively larger and smaller, respectively, than those at tip. Therefore, a much stronger 
stall delay correction is required at root which agrees with the conclusion in Chapter 2. 
 
Figure 4.1 shows the calculated fL and fD as a function of the wind speed along 
blade for operating NREL blade. The fL and fD are larger at inboard than outboard which 
agrees with experimental comparisons that the effects of stall delay are stronger at 
close-to-root area than close-to-tip area. It can be seen that the correction factors 
approaches below 0.04 at 25m/s wind speed which can be considered negligible 
indicating that the complete blade eventually in post stall and 3-D aerodynamic 
coefficients follows the 2-D aerodynamic coefficients again. Furthermore, the stall 
delay corrections at r/R over 80% stations are constantly negligible as the radial flow 
carries less energy at tip. In fact, the losses of lift and drag coefficients at tip are 
effectively accounted by applying tip loss factor fw.  
 
 
 
Figure 4.1: Stall delay correction factors fL,D as a function of wind speed along blade for 
the operational NREL blades 
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4.5 Numerical applications 
The numerical applications are conducted based on NREL UAE phase-VI studied 
previously. Machine and testing specifications remains unchanged. The calculations are 
performed for wind speed up to 25m/s that corresponding to the cut out wind speed. The 
theoretical predictions of AOA, CL and CD, Cn and Ct, shaft torque and FRBM are 
compared to NREL measurements. All stall delay models are implemented in present 
BEM model with 40 blade elements to ensure good convergence. The sensitivity study 
is presented to investigate possible causes of discrepancies, from both analytical and 
experimental point of views. As a demonstration to use present analytical model, the 
global pitch angle is optimized for best power efficiency and minimal FRBM. 
 
4.5.1 Reproductions of 2-D aerodynamic coefficients 
In order to use the stall delay model to replicate 3-D aerodynamic coefficients for higher 
wind speed, the missing 2-D aerodynamic coefficients must be reproduced for higher 
AOA first. To comply with Chapter 2, the measured 2-D aerodynamic coefficients from 
OSU are used.  
 
2-D aerodynamic coefficients measured by OSU and reproduction from 2-D VC 
model in Eqs. (4.1)-(4.5) are joined to represent the 2-D aerodynamic coefficients for 
the entire range of AOA. It is named ‘OSU+2DVC (α>20º)’ in following discussions. 
The mathematical form is expressed in Eqs.(4.32) 




VCDDL
measuredOSUDL
DL C
C
C
2,,
 ,,
,    oo
o
90&20                 
20




 (4.32a) 
where: 
o20s , 67.0, sLC , 3211.0, sDC , 01.2max, DC , 500 K  (4.32b) 
In addition, OSU+2DVC (α>20º) and reproduced aerodynamic coefficients by 3DVC 
(α>15.2º) are averaged for 2-D/3-D averaged VC model from α>15.2º. It is named 
‘OSU+2D3DVC (α>15.2º)’. The combination of present BEM model with 
OSU+2D3DVC (α>15.2º) is referred as ‘2-D/3-D averaged VC model’. The 
mathematical form for the aerodynamic coefficients are expressed in Eqs.(4.33) 
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(4.33a)  
where for 3DVC (α>15.2º), the following parameters are used: 
o2.15s , 03.1, sLC , 0705.0, sDC , 01.2max, DC , 9.60 K  (4.33b) 
 
Two additional reproductions of 2-D aerodynamic coefficients are carried out: 
1. 2-D aerodynamic coefficients measured by DUT and reproduction from 2-D VC 
model in Eqs. (4.1)-(4.5) are combined to represent 2-D aerodynamic coefficients for 
the entire range of AOAs. It is named ‘DUT+2DVC (α>20.16º)’ in Figures 4.2 and 4.3. 
The mathematically expressions are given as: 

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 (4.33a) 
where: 
o16.20s , 923.0, sLC , 1853.0, sDC , 01.2max, DC , 500 K  (4.33b) 
 
2. The 2-D aerodynamic coefficients measured by CSU at Re=6.5×105 is offset by 0.1 
unit upward compared to OSU curve from α>20º to reproduce the missing OSU data. It 
is named ‘OSU+CSU offset (α>20º)’ in Figures 4.2 and 4.3.  

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 (4.34) 
 
Figures 4.2 and 4.3 plot all reproduced aerodynamic coefficients. The OSU+2DVC 
(α>20º) is selected for present study because the extra data reflects that 2DVC 
reproduction correctly follows experimental measurements. However, spread data from 
different reproduction methods indicates numerical instability may be imposed by 
inputting various aerodynamic coefficients in present stall delay model. Particularly, the 
end data from DUT shows significant trend compared with those from OSU. A 
sensitivity study will be conducted to investigate this issue later. 
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Figure 4.2: Reproduction of CL using VC model and measured 2-D CSU data 
 
 
 
Figure 4.3 Reproduction CD using VC model and measured 2-D CSU data 
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4.5.2 Angle of attack 
Predicted AOAs as a function of wind speed are compared to NREL measurements in 
Figures 4.4-4.8. The results are predicted at those blade positions corresponding to the 
locations of the strain gauges, i.e. 30%, 46%, 63%, 80% and 95% of r/R. Close 
agreements are obtained from different stall delay models. Hence, using different stall 
delay models has minor impact on the prediction of AOA. 
 
For wind speed below 9m/s, the variation of predicted AOA among different stall 
delay models is small. For higher wind speed, the divergence expands with increasing 
wind speed. This can be explained as the flow is attached below 9m/s and the 
aerodynamic coefficients are described by the linear part of 2-D aerodynamic 
coefficients that are roughly identical for all stall delay models. After 9m/s, the presence 
of divergence was caused by using different stall delay models. Moreover, the variations 
of AOA tended to increase from root to tip, which is caused by larger load changes at 
root as a result of stronger stall delay. Moreover, the AOA is higher at root and 
decreases along span. The constant overestimations at 63% and 80% could be 
experimental errors that were inevitable in measuring AOA especially under the deep 
stall for a wide range of the wind speed and on a large portion of the blade [13].  
 
Figure 4.4: Comparisons of AOA as a function of wind speed at 30% r/R 
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Figure 4.5: Comparisons of AOA as a function of wind speed at 47% r/R 
 
 
 
Figure 4.6: Comparisons of AOA as a function of wind speed at 63% r/R 
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Figure 4.7: Comparisons of AOA as a function of wind speed at 80% r/R 
 
 
 
Figure 4.8: Comparisons of AOA as a function of wind speed at 95% r/R 
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Interestingly, without stall delay corrections, the 2-D OSU+2DVC model provided 
the best agreements at 30% and 46% r/R, yet again suggesting the stall delay has 
negligible impact on predictions of AOA. Compared with other stall delay models, the 
constant overestimations from the stall model of Corrigan and Schillings were 
consequences of over shifted AOA. Present stall delay model achieved more or less 
averaged accuracy compare with other models. 
 
 
4.5.3 Lift and drag coefficients (CL and CD) 
Figures 4.9-4.13 plot the CL as a function of the AOA reproduced by different stall 
models at five span locations. At 30% r/R, the dissimilarity in CL between 2-D 
OSU+2DVC and 3-D measurements is clearly visible. The CL from 2-D OSU+2DVC 
significantly reduces from a local maximum value close to unity at 15º AOA. Whereas 
the CL on the rotating blade at 30% span shows similar reduction from a much higher 
value at a much higher AOA, which is, in fact, delayed. The effects of stall delay 
phenomenon to CL decrease from root to tip since the measured CL approaches to the 2-
D OSU-VC curve. At 95% section, the stall occurred at 15º AOA, nearly identical for all 
stall delay models. However, a consistent underestimation of CL is exposed with all stall 
delay models compared to experimental measurements. The radial flow towards to tip 
results loss in centrifugal force and decrease the negative pressure on the suction side of 
the airfoil whereas this is not the case for non-rotating test since no radial flow is 
induced. Oppositely, the negative pressure on suction side at root is boosted by strongly 
accelerating radial flow which significantly increases CL and allows the flow attached to 
airfoil surfaces until a higher AOA before separation finally occur. Therefore, stall 
delays at a higher AOA with a higher maximum CL at root than elsewhere.  
 
Obviously, 2-D/3-D averaged VC model shows no reaction to stall delay as it does 
not have any dependency to radial positions. The 3-D effects are introduced through 
considerations of finite length of the blade by averaging 2-D and 3-D VC models. 
Therefore, the physical process that the flow passes through wind turbine blades are 
completely misinterpreted despite its excellent reproduction of power curve. Apart from 
stall delay model of Corrigan and Schillings and present, all stall delay models largely 
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overestimated NREL measured CL at 30% r/R. Those models lack theoretical definitions 
on how the transition from stall delay to fully stall would take place. Consequently, the 
CL continues to increase. Using α=30º to end stall delay correction, proposed by Raj, 
was probably decided according to the measurements at 30%. Clearly, the onsite stall 
angle varies at different position along blade. Hence, such stall angle should be 
calculated theoretically rather than obtained experimentally. Corrigan and Schillings’ 
stall delay model shows inadequate corrections to stall delay and ends up with 
significantly underestimations. Stall delay model of Snel and H.Dumitrescu and 
V.Cardos’s exhibited similar agreements before appearance of the local stall. Present 
stall delay model provides arguably the best comparisons at 30%. With increasing wind 
speed and consequently higher AOA, the quadratic dependency of λr enable the 
correction factors fL to decay towards to zero representing the stall eventually occurs 
locally. As a result, the CL can be again represented by 2-D aerodynamic coefficients. 
However, such dependency establishes a smooth transition between stall delay and deep 
stall compared to a dramatically turning curve in NREL measurements. At 46%, 63% 
and 80% r/R, stall delay models proposed by Raj and Chaviaropoulos and Hansen 
showed continuously overestimation to experimental measurements. H.Dumitrescu and 
V.Cardos’s stall delay model are identical to 2-D model as they suggested applications 
of the stall delay only to inboard where c/r>1/3, which is totally insufficient. Present 
stall delay model consistently shows improved predictions especially at α>24º whereas 
relatively large underestimations between α=17º to α=24º are presented. Improvements 
of present stall delay model to original Snel model are more effective at 30% r/R. At 95% 
span, none of participating models provide the correction to the decreasing CL as 
suggested by the experimental measurements. Corrigan and Schillings suggested the 
corrections should apply up to 75% r/R whereas Lindenburg recommended 80% after 
which the stall delay corrections should not be presented. Actually this reduction at tip 
has been accounted in present BEM formulations through the tip loss factor fw, which is 
directly applied to the Ft and Fn which are resultant forces of lift and drag forces. 
Equivalently, the CL finds itself intrinsically reduced within BEM iterations.  
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Figure 4.9: Comparisons of CL as a function of wind speed at 30% r/R 
 
 
 
Figure 4.10: Comparisons of CL as a function of wind speed at 47% r/R 
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Figure 4.11: Comparisons of CL as a function of wind speed at 63% r/R 
 
 
 
Figure 4.12: Comparisons of CL as a function of wind speed at 80% r/R 
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Figure 4.13: Comparisons of CL as a function of wind speed at 95% r/R 
 
 
 
Figure 4.14: Comparisons of CD as a function of wind speed at 30% r/R 
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Figure 4.15: Comparisons of CD as a function of wind speed at 47% r/R 
 
 
 
Figure 4.16: Comparisons of CD as a function of wind speed at 63% r/R 
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Figure 4.17: Comparisons of CD as a function of wind speed at 80% r/R 
 
 
 
Figure 4.18: Comparisons of CD as a function of wind speed at 95% r/R 
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Figures 4.14-4.18 are analogies of Figures 4.8-4.12 for the CD. Compared to 2-D 
OSU+2DVC model, the NREL measurements advise a generally increasing CD at all 
radial locations except at 95% r/R where a drag reduction appears. Similar to the CL, the 
NREL measured CD increased considerably at 30% r/R compared with prediction from 
all predictive models. Such increment becomes less effective toward to tip and 
eventually the reduction in CD was observed. Since no corrections to CD were proposed 
by Snel and H.Dumitrescu and V.Cardos, drag coefficients predicted by their stall delay 
models are identical to 2-D OSU-VC model. The minor difference was caused by 
changes of the AOA due to corrections to the CL at the same wind speed. 
Chaviaropoulos and Hansen’s, Raj’s and present stall delay models correctly follow 
such trend whereas the rest misguided with decreasing CD. Chaviaropoulos and 
Hansen’s stall delay model provide with the only close approximation to the 
experimental measurements at 30% r/R but constantly overestimates toward to tip. Raj’s 
empirical relationship achieved the best prediction of the CD at 46%, 63% and 80% r/R. 
However underestimation at 30% r/R is considerably large. Present stall delay model 
achieved similar accuracy to Raj’s prediction at 46%, 63% and 80% r/R. At 30% r/R, 
present model shows the second best prediction although the underestimation is still 
rather unacceptable. None of them predicts the decrease of the CD suggested by the 
NREL measurements at 95% r/R. As explained, this reduction at tip is corrected 
automatically within present BEM code through loss factor fw. In comparison to the CL, 
the spread of predicting CD was considerably reduced.  
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4.5.4 Coefficients of normal force and tangential force (Cn and Ct) 
Since the AOA is related with BEM iterations and aerodynamic coefficients are 
supplied by stall delay models, the examination of Cn and Ct is necessary to assess the 
compatibility between present BEM model and stall delay model. In addition, the Cn 
and Ct are calculated including tip loss correction fw for consistency compared to NREL 
measurements. The losses of CL and CD at blade tip have been evidently proved.  
 
Figures 4.19-4.23 compares the Ct as a function of wind speed that is reproduced 
by different stall models at five span locations. At 30% r/R, present stall delay model 
offers the best overall accuracy compared to NREL measurements. At 46% r/R, present 
model overestimated the NREL measurements as the CL at this location is overestimated. 
At 63% r/R, The present stall delay underestimate NREL measurements at wind speed 
between 13m/s to 17m/s whereas overestimation develops at wind speed over 20m/s. 
Close agreement at 80% r/R proves that the application of tip loss factor fw. to the Cn 
and Ct is appropriate as the overestimations found in comparison of CL and CD at 80% 
r/R are considerably reduced. The comparisons of Ct from other stall delay models 
follows trend that were observed in the comparisons of CL and CD. Comparisons 
between 2-D/3-D averaged VC model and NREL measurements underestimates Ct 
heavily while considerably overestimate at outboard.  
 
The comparisons of Cn in Figures 4.24-4.28 shows closer correlations between all 
stall delay models and NREL measurements. Raj’s model gives the best predictions at 
30% r/R. However, this is the coincidence of overestimations in CL and underestimation 
in CD. Significant spread predictions at root suggest that the difficulty remains to 
accurately quantify strong stall delay effects to the aerodynamic forces in this region. 
From 45% r/R to tip, present model achieved possibly the best prediction compared to 
NREL measurements despite opposite development at tip at wind speed over 20m/s. 
The predictions from present stall delay model seem to approach the mean values of 
spread evaluations by all stay delay models suggesting it improves excessive and 
inadequate corrections defined by others stall models but refinements are further 
required. 
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Figure 4.19: Comparisons of Ct as a function of wind speed at 30% r/R 
 
 
 
Figure 4.20: Comparisons of Ct as a function of wind speed at 47% r/R 
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Figure 4.21: Comparisons of Ct as a function of wind speed at 63% r/R 
 
 
 
Figure 4.22: Comparisons of Ct as a function of wind speed at 80% r/R 
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Figure 4.23: Comparisons of Ct as a function of wind speed at 95% r/R 
 
 
 
Figure 4.24: Comparisons of Cn as a function of wind speed at 30% r/R 
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Figure 4.25: Comparisons of Cn as a function of wind speed at 47% r/R 
 
 
 
Figure 4.26: Comparisons of Cn as a function of wind speed at 63% r/R 
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Figure 4.27: Comparisons of Cn as a function of wind speed at 80% r/R 
 
 
 
Figure 4.28: Comparisons of Cn as a function of wind speed at 95% r/R 
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In general, data scatter between predicted Cn and Ct intended to increase with the 
wind speed. The trend indicates that there is currently no unique guidance to the 
development of the stall delay model. In addition, all existing stall delay models were 
only validated with experimental measurements up to 30º AOA during original 
developments whereas it was far from enough to cover entire range of angles of attack 
for an operational wind turbine.  
 
 
4.5.5 Shaft torque and flap root bending moment 
Figure 4.29 compares the shaft torque predicted by different stall models to 
experimental measurements at various wind speed. As studied in Chapter 2, excellent 
agreement is expected for wind speed below 9m/s. For higher wind speed, the measured 
shaft torque maintains the output with a soft fluctuation. In contrast, without stall delay 
correction, the perditions from 2-D OSU+2DVC model significantly underestimate the 
experimental measurements. Such underestimation is consequently caused by large 
reduction of 2-D CL in stall. The higher CL during stall delay is particularly significant 
at inboard and mid-board of the blade and is responsible for generating shaft torque at 
higher wind speed. In comparison, 2-D/3-D averaged VC model yields the closest 
reproduction of measured shaft torque compared with all stall delay models. However, 
the strong underestimations of Ct at inboard are more or less cancelled by the 
considerable overestimations of Ct at outboard. Consequently, the collective factors, 
shaft torque in this case, coincidently produce close reproduction of experimental 
measurements. Thus, 2-D/3-D averaged VC model can only be used for the numerical 
prediction of the shaft torque and such statement may only valid on a case by case basis. 
 
Overestimations and underestimations of the shaft torque were both found by using 
available stall delay models. Their mis-predictions can be seen as the accumulated error 
from the mis-predictions of Ct. Present stall delay model predicts the best overall 
accuracy among all stall delay models. Generally, the overestimations and 
underestimations in reproduction of the CL are responsible for the overestimations and 
underestimations of the shaft toque.  
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Figure 4.29: Comparisons of shaft torque between BEM predictions and measurements 
 
 
 
Figure 4.30: Comparisons of FRBM between BEM predictions and measurements 
 
0
1
2
3
4
5
6
5 7 9 11 13 15 17 19 21 23 25
Wind speed (m/s)
S
h
a
ft
 T
o
rq
u
e 
(k
N
.m
)
NREL Measurements
2D OSU+2DVC(>20deg)
2D/3D averaged VC
Snel et al.
Chaviaropoulos and Hansen
Raj
Corrigan_Schillings
H.Dumitrescu and V.Cardos
Present
0
1
2
3
4
5
6
7
8
5 7 9 11 13 15 17 19 21 23 25
Wind speed (m/s)
F
R
B
M
 (
k
N
.m
)
NREL measurements
2D OSU+2DVC(>20deg)
Snel et al.
Chaviaropoulos and Hansen
Raj
Corrigan_Schillings
H.Dumitrescu and V.Cardos
2D/3D averaged VC
Present
Chapter 4 Stall Delay Modelling of Rotating Wind Turbine Blades 
 ~ 94 ~  
Figure 4.30 compares the FRBM between analytical predictions and experimental 
measurements. The first impression is that better overall accuracy of the FRBM is 
achieved. The measured FRBM almost linearly increases at wind speed range of 5m/s-
11m/s and 15m/s-25m/s while it is quite flat at wind speed between 11m/s to 15m/s. 
Since the drag force contribute majority FRBM and is less sensitive to the stall delay, 2-
D OSU+2DVC model achieved good accuracy here compared with its significant 
underestimation in the prediction of the shaft torque above 10m/s wind speed. 2-D/3-D 
averaged VC model exposed the largest underestimation overall suggesting its 
development was especially made for the shaft torque and power. 
 
All stall delay models provide close agreements to the measured results except 
those of Raj and Chaviaropoulos and Hansen which were found with larger 
overestimations. The presence of discrepancy here most likely follows the discrepancy 
seen in the comparisons of the Cn and Ct. Furthermore, limiting the application of stall 
delay to inboard with the models of H.Dumitrescu and V.Cardos’s proved that the stall 
delay affects blade span far from just inboard sections. Once again, present model 
delivers the best overall reproduction of FRBM. In many circumstances, 
overestimations and underestimations of aerodynamic forces on different parts of the 
blade are most likely mitigated by each other and consequently accurate predictions for 
collective factors are forecasted. Therefore, the distributive factors must be checked to 
make sure the actual physics is correctly captured. 
 
 
4.5.6 Sensitivity study 
Many factors could cause inconsistency between analytical predictions and 
experimental measurements. This sensitivity study aims to investigate possible factors 
from both experimental and analytical points of views. 
 
Firstly, great inconsistency has already discovered in measured 2-D aerodynamic 
coefficient from different institutions. Giving the Reynolds number at the NREL test 
was close to 10×10
5
, only those aerodynamic coefficients collected by OSU and DUT 
were valid. Even though the requirement of the Reynolds number were both satisfied, It 
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can be seen from Figures 4.2 and 4.3 that a completely different end data was measured 
at OSU and DUT for α>15.2º. The CL from those measured by OSU in stall shows a 
steep drop until α=20º with a local minimum CL= 0.67, after which a large increase of 
CL is followed up to CL=0.91 at α=26.1º. In contrast, the measurements from DUT 
shows slightly higher CL before α=15.2º followed by a steep drop up to α=16.22º where 
a nearly unchanged CL is maintained until the end point at α=20.16º. Clearly, much 
higher CL values was measured at DUT than those from OSU between α=16º to α=20º. 
 
Figure 4.31 compares the shaft torque predicted by present stall delay model using 
all reproduced aerodynamic coefficients. The shaft torque predicted by using 2-D OSU 
is particularly low between wind speeds 15m/s and 19m/s. The AOA from 63% to tip 
for this range of wind speeds were mainly covered between 16º to 25º where a steep 
drop of CL appears. However, the shaft torque predicted with DUT+2DVC (α>20.16º) 
improves comparison particularly from 13m/s to 17m/s benefiting from flat CL at end 
data. However, the overestimations by using DUT reproduction are larger than using 
OSU reproduction at wind speed between 11m/s to 14m/s. This is caused by the higher 
CL in DUT measurement than OSU measurements between          . The 
‘OSU+2D3DVC (α>15.2º)’ was implemented as a substitution of 2-D model for stall 
delay correction since it fundamentally corrects that the blade length is indeed finite. 
Improved comparisons were obtained as the steep drop in 2-D OSU CL was mitigated 
by averaging with a higher CL from 3-D VC model. Additionally, Comparison of shaft 
torque between OSU+CSU offset (α>20º) and OSU+2DVC (α>20º) shows nearly 
constant differences at α          . Compare to the NREL estimation, the 
OSU+2DVC (α>20º) shows the closest agreement except an unexpected jump at 16m/s 
wind speed. Compare to the NREL measurement, the OSU+2DVC (α>20º) provides the 
best prediction except at wind speed 14m/s to 19m/s where the DUT+2DVC (α>20.16º) 
achieves better comparison. 
 
For FRBM comparison in Figure 4.32, all reproduced aerodynamic coefficients 
predict well compared to NREL measurement. The FRBM calculated by using 
DUT+2DVC (α>20.16º) overestimates NREL measurements at low wind speed. 
Interestingly, the FRBM evaluated by OSU+2D3DVC (α>15.2º) closely approaches 
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Figure 4.31: Sensitivity studies of shaft torque from NREL measurements, NREL 
estimations and present stall delay models  
 
 
 
Figure 4.32: Sensitivity studies of FRBM from NREL measurements, NREL estimations 
and present stall delay models  
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the NREL measurements. Hence, the large underestimation from 2-D/3-D averaged VC 
model in Figure 4.30 has been significantly reduced. The difference suggests that the 
stall delay correction is generally required regardless of any kind of reproduced 
aerodynamic coefficients. 
 
The study suggested that inconsistent predictions may be refined if , as a key input 
into the BEM model, accurate aerodynamic coefficients at required Reynolds number 
can be precisely measured for the full range AOA. Moreover, the compatibility of 
testing facility and specifications between NREL and those institutions is unknown 
since no direct comparisons can be made among those measured by OSU, DUT and 
NREL experiment. 
 
From experimental point of view, measuring tangential force at blade sections was 
hard because (1) the high pressure gradient around the leading edge of the blade (2) the 
possibility failure for pressure taps at each discrete radial position to save entire level of 
the peak pressure at suction side. (3) NREL claimed that the AOA distributions 
measured during tests were not entirely accurate and manual error was unavoidable [13]. 
(4) It is suspected that the measurements of the tangential force was particularly 
inaccurate in deep stall condition where the stall behaviour various constantly along 
blade span. This dispute is supported by examining the NREL measurements and NREL 
estimations. The + 10% deviation is plotted in Figure 4.31. Shaft torque from NREL 
estimation is well within this deviation at wind speed below 17m/s, after which the 
deviation continuously enlarged until 25m/s wind speed.  
 
Figure 4.32 shows the analogous comparison of the FRBM. A consistent difference 
was observed between NREL measurements and estimations. Theoretically, the BEM 
should be able to accurately predict blade performance at low wind speed up to 10m/s. 
On that basis, the estimation of FRBM from blade measurements is more reliable. If 
that was the case, the numerical results using 2-D model agreed well with the measured 
data at low wind speed. However, the NREL estimation assumes the measured force is 
constant within each blade element, which fundamentally introduces numerical errors as 
the force should vary constantly along the blade. Further investigations to this 
discrepancy are required to decide which one is the reliable benchmark for FRBM. 
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4.5.7 Optimal pitch angle  
The optimal power coefficient calculated by Eq.(4.33) is of fundamental interest to 
design wind turbines in order to maximize the energy extraction from the wind. The 
pitch regulated wind turbines are the most popular design feature as it can change 
simultaneously the angles of attack along the entire blade by controlling the global pitch 
angle. The NREL wind turbines are stall regulated with a fixed 3
◦
 pitch angle relative to 
blade tip. 
AV
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(4.33) 
Figure 4.33 shows the computed optimal pitch angles, labelled ‘optimal βP’, for the 
maximum power coefficients, labelled ‘optimal Cp’, at different wind speed. 
Analogously, the FRBM at those optimal pitch angles were also calculated, labelled 
‘optimal FRBM’ in Figure 4.34. Since the theoretical results predicted by the present 
DUT stall delay model, achieved better agreement in previous sensitivity study, it was 
selected to compare with NREL measurements of power coefficient and NREL 
estimations of the FRBM which was believed to be more reliable compared to 
corresponding NREL measurements.  
 
The first impression is that the agreement of Cp between predictions and 
measurements is visually closer than shaft torque. The magnitude of Cp significantly 
decreases as a result of normalisation with rapidly increasing cubic power of V0. 
Therefore, small scale of Cp difference would be less visible on the Figure 4.33. The 
comparison indicates the power coefficient of NREL wind turbine is slightly below the 
optimal value at wind velocity below 7m/s whereas such small compensation in power 
coefficient returns an average 30% reduction in FRBM. For wind speeds between 7m/s 
to 9m/s, the measured power coefficient approaches closely to the optimal value as the 
present wind turbine operates within this range of wind speeds (rated wind speed). 
Above 9m/s, the pitch angle can be further optimized for higher efficiency and lower 
FRBM but the power production in this range of wind speeds are generally poor. The 
crucial design criteria aim to increase the Cp value at low wind speed so that large 
torque can be generated to rotate the parked blades at the starting phrase.  
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Figure 4.33: Optimizations of global pitch angle, βP , for maximum power coefficient 
 
 
 
Figure 4.34: Optimizations of global pitch angle, βP , for minimum FRBM 
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4.6 Summary 
A comprehensively study has been performed to search a feasible solution to accurately 
account 3-D rotational effects of wind turbine blades, primarily the stall delay 
phenomenon. The investigations have been carried out with seven candidates including 
six stall delay models and a 2-D/3-D averaged VC model. Those models arguably cover 
all possible solutions up to date. A new stall delay model was developed based on Snel’s 
stall delay model.  
 
All stall delay models generally exposed inadequate corrections to the significantly 
increased CL and CD particularly at inboard compared to experimental measurements. 
The decreasing CL and CD were found at tip in experimental measurements. The 
application of tip loss factor fw account such trend in present BEM model. Present 
model achieved the closest overall accuracy by introducing the quadratic dependency of 
λr to limit the application of stall delay corrections with radial location and wind speed. 
However, modelling 3-D rotational effects accurately was still difficult because: 
(1) Some stall delay models such as Raj’s and Corrigan and Schillings were able to 
offer relatively good reproduction of aerodynamic coefficients in stall delay at entire 
blade. However, it was difficult to accurately determine the local stall angle, at which 
the stall delay corrections should be removed. The shortages of present model also come 
from the smooth transition between stall delay and deep stall especially at root whereas 
a sudden transition was found in experimental measurements. 
(2) The reduction at blade tip was intrinsically included in present BEM model through 
tip loss factor fw, which only depends on the radial location. The reduction was applied 
as a constant correction to Cn and Ct at 95% r/R. However, the predictions of CL and CD 
at 95% r/R underestimated differently compared to NREL measurements indicating 
refinements is required for tip loss based on radial flow.  
(3) Rotational effects at root are influenced by vortices induced by other components of 
wind turbines such as hub and nacelle. These effects are very difficult to be theoretically 
quantified. 
(4) Stall delay varies strongly along blade and follows irregular trend which created 
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prediction scatters. 
Nevertheless, positive remarks must be pointed out: 
(1) The Ct and Cn are better compared than CL and CD, indicating present BEM model 
fundamentally improves the overall accuracy. 
(2) The collective results, e.g. shaft torque and FRBM, agree reasonably well between 
present model and experimental measurements.  
(3) Predictions of all interests at low wind speeds between 5m/s to 10m/s were 
generally accurate and reliable. 
(4) Reasonable accuracy was achieved by present stall delay model at sections away 
from blade root and tip. 
(5) For a stall-regulated configuration, the power coefficient and FRBM can be 
improved by increasing global pitching angle. 
Finally, the following inevitable disputes make difficult to judge the degree of 
accuracy for present stall delay model because:  
(1) The 2-D aerodynamic coefficients at Re=10×105 were only available up to 26º AOA 
at OSU and 20º AOA at DUT whereas the calculations required coverage of AOA up to 
at least 60º. The missing aerodynamic coefficients were retrieved by 2-D VC model. 
Inevitably, numerical errors of 2-D VC model, compared to experimental measurements, 
were imposed to present stall delay models. 
(2) The 2-D aerodynamic coefficients at Re=10×105 were measured at two different 
institutions. The end data of two measurements are significantly different. The 
numerical predictions would be more reliable if the input of 2-D aerodynamic 
coefficients were obtained at the same testing environment for the best matching factor. 
However, such aerodynamic coefficients are not available for NREL phase-VI test. 
(3) The aerodynamic forces were difficult to measure using pressure taps in stall due to 
high pressure gradient. In addition, the FRBM, estimated by NREL from sectional 
normal force measurements, agrees well with numerical predictions at low wind speed, 
which was expected. However, a constant difference was observed between NREL 
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estimations and direct measurements by strain gauges at blade root, so that the latter 
was assumed inaccurate with possible systematic error. However, such assumption was 
not verified by NREL and hence remains unclear. 
Although 2-D/3-D averaged VC model reproduced the closest shaft torque compared to 
NREL measurements, the distribution of aerodynamic loads on blade was completely 
incorrect compared to physical scene because it uses uniform aerodynamic coefficients 
along span whereas the non-uniform stall delay along blade was clearly visible 
according to experimental measurements.  
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Chapter 5 
Structure Mechanical Modelling of Thin-walled Closed 
Section Composite Laminated Beams (Single-cell) 
 
5.1 Introduction 
In recent years, the analysis of thin-walled closed-section composite beams (TWCSCB) 
has become an important topic in wind energy industry. For a large wind turbine blade, 
the span dimension is much more significant compared to its sectional dimensions. In 
current developments, the blade tends to be even slimmer to reduce the entire 
installation costs of the complete wind turbine system. With such fashion, the traditional 
1-D beam modelling is highly preferred for efficient aero-elasticity analysis of wind 
turbine blades, benefiting from the reduced total DOFs of an wind turbine system. The 
sectional direct and coupled stiffness need to be accurately determined in such 
equivalent beam models. To reduce the initial cost to experimentally determine the 
structural properties of a designed blade, more analytically based TWCSCB model is 
the favourite choice. 
 
Librescu and Song [67] summarized detailed analytical formulations of thin-walled 
composite beams, which are found to be the most comprehensive solution for both open 
and closed cross-sections made of anisotropic materials. Recent applications of Librescu 
and Song’s (LS) TWCSCB are found within works carried out by Lee.J et al [73], Vo.TP 
and Lee.J [74,75]. Their pioneering works have been widely used for rotating thin-
walled composite blade modelling [68-71]. Cárdenas et al [76] recently applied the LS 
TWCSCB theory to a realistic wind turbine blade. The choice of the LS TWCSCB 
model was motivated by the benefits that it provides explicit formulations of the 
stiffness matrix of the section. The TWCSCB models presented by Vo.TP and LS are 
similar kind and are derived in this chapter for single-cell sections, named Model 1. 
During the investigations, it was found that the Model 1 is inaccurate in determine the 
bending stiffness of TWCSCB in general for a single-cell TWCSCB model, but only 
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occasionally with special laminate configurations, e.g. symmetrical layups. 
 
A second TWCSCB model has been derived in a different novel manner, named 
Model 2. Upon comparisons between Model 1 and Model 2, it is observed that the axial 
and torsional stiffnesses are identical from two models for single-cell TWCSCB. 
However, the bending stiffnesses are significantly different. The results are validated 
with a mid-surfaced shell model in ABAQUS. The comparisons show that the present 
TWCSCB Model 2 can accurately predict the bending stiffness with arbitrarylaminate 
layups whereas the method proposed by Vo.TP and LS in Model 1 are valid only with 
symmetrical or quasi-isotropic laminates.  
 
 
5.2 Fundamental formulations 
For this type of the TWCSCB models, the mid-surface strains and curvatures of the 
laminated shell element are explicitly expressed in terms of the beam strains and 
curvatures through a series of kinematic equations. The beam forces and moments are 
obtained by integrating the forces and moments of the laminated shell elements along 
contour s which is related with the mid-surface strains and curvatures through 
constitutive equations of a thin composite laminate.  
 
5.2.1 Kinematics 
A generic TWCSCB is shown in Figure 5.1. For the sake of clear development of the 
kinematics the TWCSCB is considered to consist of a thin shell wall made from fibre-
reinforced laminated composite materials and a cylinder formed by the geometrical 
mid-surface of the wall. A global Cartesian coordinate system OXYZ is established for 
the cylinder. The OXY plane is parallel to the cross-sectional plane of the cylinder and 
the directions of the axes OX and OY are arbitrary. Of course, the OZ axis is in the axial 
direction of the cylinder, but its position is also arbitrary. Also, a local orthogonal 
coordinate system nsz is established for the shell wall. ns coordinate plane is parallel to 
the cross-sectional plane and coincide with the global coordinate plane OXY with n axis 
is in the normal direction of the mid-surface and s axis in the tangent direction. sz 
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coordinate plane is the mid-surface plane. Of course, z axis is in the axial direction of 
the cylinder. The OXYZ and nsz coordinate systems are usually called global beam 
coordinate system (BCS) and local shell coordinate system (SCS), respectively. With 
these two coordinate systems the kinematics is developed based on a series of 
assumptions. The fibre angle φ is measured relative to s and not the usual spanwise axis 
z. 
 
Figure 5.1: Definition of beam coordinate system (BCS) and shell coordinate system (SCS) 
 
In addition to the small deformation assumption the following important ones are 
considered. 
 
Assumption (i) on the cylinder: The cross-sectional plane of the cylinder consisting 
of the empty space and the perimeter of the mid-surface experiences a rigid body 
movement under loads. 
 
This rigid body movement consists of three translational displacements and three 
rotations. The three translational displacements can be represented by          
                                 which are the displacements of a point 
        on the rigid cross-sectional plane, as shown in Figure 5.2. The three rotations 
can be represented by      ,             which are rotations of the rigid plane  
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Figure 5.2: Notations of sectional coordinates and displacements for a single-cell section 
 
about       axes, respectively, and positive when in positive       directions. Using 
these displacements and rotations, the three translational displacements 
                           of a generic point         on the rigid plane can be 
calculated. 
YZZUZYXU Z )()(),,(   (5.1a) 
XZZVZYXV Z )()(),,(   (5.1b) 
XZYZZWZYXW YX )()()(),,(   (5.1c) 
It is easy to show when the origin of O experiences a translational displacement, 
                                          will change in the new 
coordinate system. However,      ,            remain the same. 
 
Assumption (ii) on the cylinder: The cross-sectional plane remains perpendicular 
to the deformed OZ axis. This assumption leads to 
)(
)(
),(
)(
Z
dZ
ZdV
Z
dZ
ZdU
XY   (5.2) 
 
Assumption (iii) on the perimeter of the mid-surface that is on the rigid cross-
sectional plane: In addition to the rigid body movement, non-rigid warping in the 
axial direction is allowed. 
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Therefore, based on this assumption and assumptions (i) and (ii), the displacements of 
any generic point )),(),(( ZsYsX on the perimeter can be expressed as 
)()()()),(),(( sYZZUZsYsXU   (5.3a) 
)()()()),(),(( sXZZVZsYsXV   (5.3b) 
)),(),(()()()()()()),(),(( ZsYsXwsXZUsYZVzWZsYsXW   (5.3c) 
In these equations, s represents the arc-length coordinate of the perimeter, and       
     
  
       
     
  
           , and w is the non-rigid warping displacement in 
the axial direction. Eqs. (5.3) are convenient to use for the final calculation of 
displacements of any generic points on the perimeter. However, their counterparts in the 
local shell coordinate system (SCS) , as shown in Figure 5.2, are convenient to use for 
further analytical derivations. The axial displacement        will be the same as 
                 in Eq. (5.3c). The normal displacement       and tangential 
displacement        are obtained by a rotational coordinate transformation. The final 
expressions are 
)()()(cos)()(sin)(),( sqzszVszUzsu    (5.4a) 
)()()(sin)()(cos)(),( srzszVszUzsv    (5.4b) 
),()()()()()(),( zswsXzUsYzVzWzsw   (5.4c) 
where r(s) and q(s) are the perpendicular distances from origin to the tangent and 
normal of any point on the perimeter, respectively. θ(s) is the angle between X axis and 
the local s axis at any point on the perimeter. r(s), q(s) and θ(s) are graphically shown in 
Figure 5.2 and mathematically expressed as: 
ds
sdX
sY
ds
sdY
sXsr
)(
)(
)(
)()(   (5.5a) 
ds
sdY
sY
ds
sdX
sXsq
)(
)(
)(
)()(   (5.5b) 
ds
sdY
s
ds
sdX
s
)(
)(sin,
)(
)(cos    (5.5c) 
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Assumption (iv) on the fibre-reinforced laminated composite thin wall: the 
Kirchhoff-Love shell theory is used.  
 
Based on Kirchhoff-Love shell theory the displacements at any generic point on the 
wall, i.e.      , in the local shell coordinated system (BCS) can be expressed as  
),(),,( zsuzsnu   (5.6a) 










)(
),(),(
),(),,(
sR
zsv
s
zsu
nzsvnzsv  (5.6b) 
z
zsu
nzswnzsw



),(
),(),,(  (5.6c) 
R(s) in Eq. (5.6b) is the radius of the mid-surface. The Koiter-Sanders thin shell strain-
displacement relationships [89,90] are 
szszszzzzzzzssssss nnn   ,,  (5.7a) 
where the mid-surface in-plane strains and curvatures are calculated as follows: 
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      (5.7b) 
s
zsv
sRs
zsu
ss






),(
)(
1),(
2
2
 , 
2
2 ),(
z
zsu
zz


  ,















s
zsu
z
zsv
sRzs
zsu
sz
),(),(
3
)(2
1),(
2  
(5.7c) 
These strains and curvatures need to be expressed in terms of global rigid displacements, 
i.e.       . Due to the assumption (i), the tangential strain    should be zero leading 
to            . Moreover, when the radius R(s) is large as in most of practical cases 
such as wind turbine blades, the second term in      can be neglected. Then, substituting 
  in Eq. (5.4a) into the second and the third equations in Eq. (5.7c) gives      and      in 
terms of the curvatures of OZ axis, 
 
)()(cos)(sin
)()(cos)(sin
sqss
sqsVsU
XY
zz




 (5.8a) 
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XYsz
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sdq
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

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



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2
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  (5.8b) 
where: 
2
2 )(
dZ
ZVd
VX  , 2
2 )(
dZ
ZUd
UY  , 
dZ
Zd
XY
)(
  , 
2
2 )(
dZ
Zd 
  
(5.8c) 
which are the curvatures of the beam in BCS. Substituting        in Eq. (5.4b) into the 
third equation of Eq. (5.7b) yields, 
)(
)()(),(
sr
ds
sdY
V
ds
sdX
U
s
zsw
sz 


  (5.9) 
Then, Eq. (5.9) can be integrated with respect to s from an arbitrary starting point s=0. 
Hence the axial displacement of any generic point on the perimeter       is now 
expressed as 
 
s
sz
s
dsdssrYsYVXsXUzwzsw
00
)())0()(())0()((),0(),(   (5.10) 
Using Eq. (5.4c)        is written as 
),0()0()()0()()(),0( zwXzUYzVzWzw   (5.11) 
Substituting Eq. (5.11) in Eq. (5.10) gives 
 
s
sz
s
zwdsdssrsYVsXUzWzsw
00
),0()()()()(),(   (5.12) 
Obviously, comparing Eq. (5.12) with Eq. (5.4c) leads to  
 
s
sz
s
zwdsdssrzsw
00
),0()(),(    (5.13) 
        is determined using the condition   0),( dszsw . That is 
  
 s s
sz dsdsdssrCzw
0 0
1 ])([),0(   (5.14) 
where  dsC is the perimeter length. The explicit form of warping function for a box 
beam can be found in Appendix G.  
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From Eq. (5.13), a following useful relationship is obtained. 
dssrdssz   )(  (5.15) 
 
In order to determine     , Librescu and Song’s work [67] assumes a constant shear 
flow            along the perimeter where G represents the equivalent shear modulus 
and the t is the thickness of the wall. Thus, this assumption is only valid for isotropic 
materials. The shear strain      is then obtained using Eq. (5.15). 
XYsz    (5.16) 
where ])/(/[)(  GtdsGtdssr is the torsional function. Instead of assuming constant 
shear flow Nsz, Vo.TP’s work [74,75] assumes a constant quantity        around the 
contour. The torsional function ψ in Vo.TP’s model [74,75] therefore becomes 
]//[)(  tdstdssr which is independent of equivalent shear modulus G. However, 
the assumption of constant quantity       around the contour is in question for composite 
materials. Now, substituting Eq. (5.16) into Eq. (5.12) and (5.14) gives Eq. (5.17).   
)()()()(),( ssYVsXUzWzsw   (5.17) 
where 
 dsCss  1)()(  is the warping function and   
s
dsssrs
0
)()()(  . 
Then, the mid-surface axial strain     is expressed as in terms of the strain and 
curvatures of the OZ axis. 
)()()( ssYsX XYZzz    (5.18) 
where      . Substituting Eqs (5.8), (5.16) and (5.18) into the second and third 
equations in Eqs (5.7a), the axial strain     and the shear strain     at any generic point 
on the wall can finally be expressed in terms of strain and curvatures of the beam e.t. 
               .  
   
)]()()([         
)(cos)()(sin)(
1 snqdssCs
snsYsnsX XYZzz

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
 


 (5.19a) 
XYsz n  )2(  (5.19b) 
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5.2.2 Constitutive equations of local wall 
Based on assumption (ii), the 3-D stress-strain relationship for a generally orthotropic 
lamina is simplified into 2-D plane stress-strain form given by Eq. (5.20): 
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161211
 (5.20) 
where        is known as the transformed stiffness matrix. The exact solutions can be 
found from many text books [91,92] and are given in Appendix A. Eq. (5.20) gives the 
stress-strain relationship at kth ply which locates at a distance n from the mid-surface of 
the laminate.  
 
 
(a) Force per unit length ds (stress resultant) 
 
(b) Moment per unit length ds (stress couples) 
Figure 5.3: Stress resultants and couples for a laminated shell in SCS 
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The stress resultant normally refers to the force per unit length and the stress 
couples normally refers to the moments per unit length of each laminated element as 
shown in Figure 5.3. They are obtained by integrating lamina stress vector in Eq. (5.20) 
through its thickness t, as shown in Eq. (5.21).  
szjidnnMN
t
t
ijijij ,, e      wher),1(),(
2/
2/
    (5.21) 
Invoking Eq. (5.20) and (5.7a), Eq. (5.21) yields the constitutive equations of a thin 
composite laminate. Its matrix form is 
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 (5.22) 
where Nss, Nzz, Nsz, Mss, Mzz and Msz are forces and bending moments per unit length. 
The Aij, Bij and Dij matrices are laminate’s extensional, coupling and bending stiffness, 
respectively, and are defined as 
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t
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The negligible hoop stress i.e. σss=0 leads to Nss= Mss =0 in Eq (5.22). Together with the 
       from assumption (i), Eqs. (5.22) becomes 
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Although the assumption (i) suggests that mid-surface tangential strain ss is zero, 
numerical results from both LS’s work [67] and Vo.TP’s works [74,75] suggest that 
non-zero      improve the accuracy of TWCSCB modelling. Thus, one explicit 
expression for      is obtained from the first row of Eq.(5.24) as 
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It can be seen that the coupling between      and      is paramount and therefore setting 
       leads inappropriate calculations. Substituting Eq. (5.25) into Eq.(5.24) yields a 
reduced constitutive equation of a thin composite laminate.  
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5.2.3 Constitutive equations of global beam 
In order to obtain the relationships between the sectional forces-moments, i.e. 
               and the shell forces-moments, i.e.                , it is necessary 
to identify the strain energy of the system, that is: 
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1
 (5.27) 
where dν is the element volume defined as dν=dndsdz. In the absence of hoop stress 
(σss=0) . The strain energy becomes: 
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where l is the beam length. Substituting Eqs. (5.19) into Eqs. (5.28), the strain energy 
can be calculated: 
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(5.29) 
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The variation of strain energy can be stated as: 
  
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   (5.30) 
where the beam sectional forces and moments including axial force FZ, bending 
moments MX and MY, bi-moment Mω and torsional moment MZ are calculated in the 
following equations. 
    dsNdndsF zzs
t
t
zzZ
2/
2/
  (5.31a) 
dsMYNdndsnYM zzzz
s
t
t
zzX )cos()cos(
2/
2/
      (5.31b) 
dsMXNdndsnXM zzzz
s
t
t
zzY )sin()sin(
2/
2/
     (5.31c) 
dsMNdndsnM szsz
s
t
t
szZ )2()2(
2/
2/       
(5.31d) 
dsqMNdndsnqM zzzz
s
t
t
zz )()(
2/
2/
     
(5.31e) 
Substituting Eq. (5.26) into above equations gives the relationships between these 
sectional forces, moments and the mid-surface strains and curvatures of the local shell, 
i.e.                    . Then, the constitutive equations of the global beam, i.e. the 
relationships between the sectional forces                and the global strain, 
curvatures                 can be obtained by using Eqs. (5.8), (5.16) and (5.18) for 
isotropic materials [67,74,75]. The explicit solutions can be found in Appendix B.  
 
However, when laminated composite materials are considered the shear strain      in 
Eq. (5.16) and consequently the axial strain      in Eq. (5.18) are generally invalid. In 
the present study, the axial strain      in Eq. (5.18) is still used. It can be seen from Eqs. 
(5.12) and (5.13) that the inaccurate shear strain      from Eq. (5.16) only affects the 
evaluation of the axial warping which is indeed small for a thin-walled closed-section 
beam compared to the rest terms in Eq. (5.18). However, a different approach to      is 
implemented. From the second row of Eq. (5.26a), the Nsz is given explicitly as 
szzzszzzsz kkkkN  24232212   (5.32) 
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Rearranging Eq. (5.32) yields an explicit expression for shear strain sz . 
 szzzzzszsz kkkN
k
 242312
22
1
  (5.33) 
Substituting Eq. (5.33) into Eq. (5.26a) yields a hybrid form: 
 
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

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
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
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
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sz
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zz
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zz
zz
N
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



 (5.34) 
Where the components of       are given in Appendix C. Substituting Eq. (5.33) into Eq. 
(5.15) yields, 
    rdsdsNSSSS XYszszzzzz 44434241   (5.35) 
The shear flow Nsz can be considered in two parts, namely the constant St.Venant 
torsional shear flow    
  and the variable bending shear flow    
 , i.e.        
     
 . 
Substituting this expression into Eq. (5.35) gives,  
    rdsdsNSNSSSS XY
B
sz
T
szszzzzz 4444434241   (5.36) 
Since 044  dsNS
B
sz
 for symmetrical cross-section and negligibly small for most of the 
closed-cross sections in common applications, 
T
szN  can be solved from Eq (5.36). 
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

 
(5.37) 
which is in terms of the global strain and curvatures, i.e.                . Since the 
Eq. (5.19a) is still in use, Eqs. (5.31a,b,c,e) remains unchanged for TWCSCB Model 2. 
It would be difficult to establish the relationship between the beam’s torque and force-
moment on the wall by substituting Eq. (5.33) into strain energy Eq. (5.28). However, 
such relationship can also be found through equilibrium equations.  
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Figure 5.4: Geometric diagram of shear force, σsz , on any generic point on the wall 
 
It can be seen from Figure 5.4 that the torque generated due to the shear stress at 
any generic point on the wall, σsz, is σsz(r+n). As a result, the total torque generated on 
the perimeter passing this generic point is: 
dSnrsz  )(  (5.38) 
where the off mid-surface arc-length dS can be related with mid-surface arc-length ds 
by dS=(1+n/r)ds. Substituting this expression into Eq. (5.38) and integrating through 
thickness dn gives the total torque: 
dnds
r
n
nrdnds
r
n
nrM
t
t
sz
t
t
szZ     
2/
2/
22/
2/
)2()1()(   (5.39) 
where the n
2
/r is negligible as n<<r in general. Substituting Eq. (5.21) into Eq. (5.39), 
the total beam torque MZ is expressed as: 
dsMrNM szszZ )2(   (5.40) 
which is the substitution of Eq. (5.31d) for TWCSCB Model 2.  
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Now, all essential equations have been derived to establish the constitutive 
equations of the global beam for TWCSCB Model 2. Substituting Eq. (5.34) into Eqs. 
(5.31a,b,c,e) and (5.40) gives the beam force and moments i.e                in 
terms of strain, curvatures of the wall i.e                     and shear flow from both 
bending and torsion. i.e    
  and    
  . 




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 (5.41a) 
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
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3434333231 22222     
     
)2(

 (5.41e) 
 
Note that all the terms in Eq.(5.41) can be expressed by means of sectional strain and 
curvatures, i.e.                 apart from the terms associated with    
  which are 
neglected in the following study as their contributions are small. The global beam 
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constitutive equations in matrix form is finally given as, 


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
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353433
25242322
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 (5.42) 
where the elements Eij are available in Appendix D. 
 
 
5.3 Finite element formulations 
The finite element (FE) formulation proposed by Vo.TP et al [74] is employed because 
the TWCSCB Models 1 and 2 are similar kind. It was developed based on a linear 
combination of the one-dimensional Lagrange interpolation function and Hermite-cubic 
interpolation functions. The element is equivalent to the Euler-Bernoulli type of beam 
element [93] so that the shear energy is not considered.  
 
In order to distinguish the coupling effects due to composite materials, the 
interpolations are expressed with different symbols Na,Nb,Nc,Nd,Ne for the extension 
displacement W, transverse displacements U,V, bending rotational displacements θX, θY, 
twisting displacement Ф and warping displacement (rate of twisting) Ф′, respectively. 
The nodal displacements are expressed as. 



n
i
ai NWW
1
 (5.43a) 



n
i
c
i
Ybi NNUU
1
  (5.43b) 



n
i
c
i
Xbi NNVV
1
  (5.43c) 



n
i
eidi NN
1
'  (5.43d) 
where the linear and cubic interpolations of node i and j for a beam element that is 
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bounded by those two nodes are: 
lzN ia /1  (5.44a) 
lzN
j
a /  (5.44b) 
3323 /)32( lllzzNN i
d
i
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  (5.44c) 
323 /)32( llzzNN
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  (5.44d) 
3323 /)32( lllzzNN ie
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c   (5.44e) 
323 /)32( llzzNN
j
e
j
c   (5.44f) 
where l is the length of the beam element ij. The variation of strain energy can be 
written in terms of beam displacement as: 
  
l
ZXYZ dzMMVMUMWF
0
''''''''    (5.45) 
The variation of work done by external loads is calculated as: 
  
l
ZXYYXZ dzmmVmVfUmUfWf
0
'''    (5.46) 
where the fz is external axial load, fX and fY are two external transverse loads, mX and mY 
are two external bending moments, mZ is the external torque and mω is external bi-
moment. The variation of the total potential energy of the system can be stated by the 
sum of the variation of strain energy and the variation of work done by external loads. 
Applying the principle that the variation of the total potential energy must be zero, the 
following statement can be obtained: 
 
 dzmmVmVfUmUfWf
MMVMUMWF
ZXYYXZ
L
ZXYZ
'''          
''''''''0
0

 




 (5.47) 
Substituting Eqs. (5.43) and (5.44) into Eq. (5.47), the finite beam element model for a 
TWCSCB can be expressed as: 
   ijijij fDK ][     (5.48) 
where the [K]ij is the element stiffness matrix, [D]ij is the nodal displacement vector and 
Chapter 5 Structure Mechanical Modelling of TWCSCBs (Single-cell) 
 ~ 120 ~  
the [f]ij is the external nodal-load vector.  
 
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ijxyij
VUWD '   (5.49b) 
   TijZXYYXZij mmmfmfff   (5.49c) 
The explicit forms of [K]ij are available in Appendix E: 
 
 
5.4 Numerical validations 
To validate the newly developed TWCSCB Model 2 against the TWCSCB Model 1 
proposed by Librescu and Song [67] and Vo.TP et al.[74,75], a cantilever box beam is 
used which was studied by Kollar et al [65] and Vo.TP et al.[74]. The numerical results 
calculated by analytical models are compared to simulating results from an ABAQUS 
shell model. Since the TWCSCB model applies to the thin-walled structure whose 
thickness shear is assumed to be negligibly small, the four-node linear quad-4 S4R5 
shell element from ABAQUS element library is employed [94]. The cantilever box 
beam subject to an axial load at free end is shown in Figure 5.4. The material properties 
are summarized as: 
GPaE 1481  , GPaE 65.92  , GPaG 55.412  , 3.012   
For a box beam in BCS with constant wall thickness and material, the centroid and shear 
center are coincided with the origin. As a result, no bending moments are induced by the 
axial load FZ. The angle of twist subject to FZ only is purely caused by axial-twist 
coupling because MZ is not applied. Likewise, the transverse loads FX and FY applied at 
free end generate bending moments only. For convenience, two condition are defined, 
namely the material condition and geometry condition. The material condition refers to  
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Figure 5.5: A cantilever thin-walled composite box beam subject to an axial load 
 
the uniform material around contour s while the geometry condition refers to the doubly 
symmetrical cross-section. The two conditions allow simplifications in order to identify 
the fundamental difference between TWCSCB Model 1 and 2, e.g. most of closed 
integrations of involving geometry parameters equals zero, e.g.                   
in Eq.(D.1b). 
 
Table 5.1 shows the displacements at free end of the cantilever box beam with 
different laminate layups subject to various tip loads. Two unsymmetrical layups studied 
by Kollar et al. [65] are assessed together with the other three layups including 
symmetric, antisymmetric and quasi-isotropic layups. Since the present study aims to 
provide a solution truly for arbitrary laminate stacking configurations, The ±45º fibre 
angle is avoided on purpose. 
 
For a box beam that satisfies both material condition and geometry condition, only 
the axial-twist coupling exhibits. Therefore, the axial-twist coupling and all primary 
displacements are objects for comparisons. It can be seen that the analytical results of 
axial displacement, axial-twist coupling and torsional displacement from TWCSCB 
Model 1 and 2 for all laminate stacking configurations are identical and in good 
agreement with the ABAQUS simulations. However, the transverse displacements under 
transverse loads show significant discrepancies. For symmetric and quasi-isotropic 
laminate layups, the results predicted by both TWCSCB models are identical. For 
layups [45/90], the difference between two TWCSCB models becomes clearly visible 
but not significant. For random layups [60/70/80] and antisymmetric layup [70/-20]2, 
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the results from TWCSCB Model 2 maintains consistently close agreement compared to 
ABAQUS simulations whereas the TWCSCB Model 1 shows considerable 
discrepancies. In addition, the warping stiffness is several orders smaller than other 
stiffness. Therefore, its displacement is not compared. 
 
 
   Koller layups [65] symmetric 
Anti 
symmetric 
Quasi 
isotropic 
Load Case Disp Models [45/90] [60/70/80] [-75/75] s [70/-20] 2 [75/90/-75] 
  ABAQUS 6.18E-04 1.05E-03 4.19E-04 1.60E-03 3.87E-04 
 W,m Model 1 6.18E-04 1.05E-03 4.20E-04 1.61E-03 3.85E-04 
  Model 2 6.18E-04 1.05E-03 4.20E-04 1.61E-03 3.85E-04 
  Koller [65] 6.16E-04 1.03E-03 - - - 
FZ=2.4kN        
  ABAQUS -1.03E-02 -6.48E-02 0.00E+00 -7.93E-02 1.14E-03 
 Ф, rads Model 1 -1.02E-02 -6.47E-02 0.00E+00 -8.03E-02 1.17E-03 
  Model 2 -1.02E-02 -6.47E-02 0.00E+00 -8.03E-02 1.17E-03 
  Koller [65] -9.90E-03 -6.26E-02 - - - 
        
  ABAQUS 1.75E-03 2.84E-03 1.21E-03 4.58E-03 1.14E-03 
FY=150N V,m Model 1 1.65E-03 1.46E-03 1.17E-03 2.30E-03 1.07E-03 
  Model 2 1.69E-03 2.81E-03 1.17E-03 4.57E-03 1.07E-03 
        
  ABAQUS 2.87E-03 4.70E-03 2.01E-03 7.64E-03 1.88E-03 
FX=150N U,m Model 1 2.71E-03 2.41E-03 1.94E-03 3.83E-03 1.77E-03 
  Model 2 2.78E-03 4.61E-03 1.94E-03 7.61E-03 1.77E-03 
        
  ABAQUS 2.48E-02 3.35E-02 1.88E-02 3.38E-02 2.40E-02 
MZ=100N.m Ф, rads Model 1 2.51E-02 3.36E-02 1.89E-02 3.41E-02 2.41E-02 
  Model 2 2.51E-02 3.36E-02 1.89E-02 3.41E-02 2.41E-02 
Table 5.1: Comparisons of displacements at free end for the cantilever single cell box beam 
with different composite laminate configurations 
 
 
The failure of TWCSCB Model 1 can be seen as a consequence of its inappropriate 
application of isotropic shear strain formula in Eq. (5.16) to a composite beam. The 
shear strain      for a composite beam should be defined by Eq. (5.33) indicating that the 
shear strain      of a composite shell is not only related with shear flow Nsz but also 
depends on the couplings with axial strain     , and curvatures      and     .  
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Substituting the expressions of Sij in Appendix C with kij from Eq. (5.26b), the 
elements Eij in Appendix D can be expressed alternatively as listed in Appendix F. The 
theoretical difference between TWCSCB Model 1 and 2 are underlined by ‘_’ . For the 
section with uniform material around contour, the kij and Sij can be brought outside of 
closed integrations. Therefore, the differences for axial and torsional stiffness ultimately 
become zeros. As a result, Eqs. (F.1) and (F.5) in Appendix F yield the identical 
constitutive relationship of axial force FZ and torsional moment MZ. Consequently, the 
results predicted by two TWCSCB models under the axial force FZ and torsional 
moment MZ are identical in Table 5.1. The difference of warping stiffness in Eq. (F.4) is 
a few orders smaller than other stiffnesses so their effects are hardly visible in Table 5.1. 
 
Since the studied box beam meets both material and geometry conditions, all off-
diagonal stiffnesses in Eq.(5.42) become zeros. The difference has negligible effects to 
global results.  Hence, a bending moment MX induces only a bending curvature of KX. 
The relationship between MX and KX for TWCSCB Model 1 is defined by the stiffness 
term E22 given in Appendix B as:  
  dskYkYkE
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  (5.50) 
where the subscript M1 denotes the TWCSCB Model 1. From Eq. (F.2), the counter 
stiffness term E22 for TWCSCB Model 2 can be expressed as: 
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(5.51) 
where the subscript M2 denotes the TWCSCB Model 2 and the following terms are 
defined: 
321 2 xxxx RRRR   (5.52a) 
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Similarly, a bending moment MY for present box beam induces only a bending curvature 
of KY. The relationship for TWCSCB Model 1 is defined by the stiffness term E33 given 
in Appendix B as:  
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From Eq. (F.3), the counter stiffness term E33 for TWCSCB Model 2 is calculated: 
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(5.54) 
where the following terms are defined: 
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The terms Rx and Ry represent the total difference of E22 and E33 of TWCSCB Model 2 
regarding to TWCSCB Model 1, respectively. The percentage of variation of E22 and E33 
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with respect to TWCSCB Model 1 can be calculated as: 
  122
22
M
x
E
R
E   (5.56a) 
  133
33
M
y
E
R
E   (5.56b) 
Eqs. (5.52) and (5.55) indicate that the difference Rx and Ry depends on stiffness 
parameters k12, k23, k22 where the terms kij are given by Eq (5.26b) as.  
11
1612
2612
A
AA
Ak   (5.57a) 
11
1216
2623
A
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Bk   (5.57b) 
11
2
16
6622
A
A
Ak   (5.57c) 
Since k22 is a function of A66 which is always non-zeros, the existence of k12 and k23 
determine the ∆E22 and ∆E33 under transverse load at tip for present box beam. Table 5.2 
tabulates the associated stiffness parameters Aij and Bij and factors kij for the tested 
layups in Table 5.1. The following observations are founded: 
 
 Generally, the variations of bending stiffness E22 due to terms Rx2 and Rx3 are 
negligibly small compared to the magnitude of E22 calculated by TWCSCB Model 1. 
Similarly, the variations of bending stiffness E33 due to terms Ry2 and Ry3 are negligibly 
small compared to the magnitude of E33 from TWCSCB Model 1. For different layups, 
the terms Rx1 and Ry1 could be significant compared to the E22 and E33, respectively. 
Table 5.2 shows that nearly 50% reduction of bending stiffness was not considered in 
TWCSCB Model 1, which causes intolerable errors in determining the transverse 
displacements. 
 
 For symmetrical layups, A16=A26=B26=0. Effectively, the k12=k23=0. Consequently, 
the differences Rx and Ry vanish so that the results predicted by two TWCSCB models 
are identical in Table 5.1. 
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 For quasi-isotropic layup, A16=A26=0 means effectively the k12=0. As a results, the 
differences Rx1=Ry1=0. Consequently, the Rx and Ry are negligibly small even though the 
Rx2, Rx3, Ry2 and Ry3 are not zeros since their contributions are small. Hence, the 
differences are invisible comparing the results from two TWCSCB models. 
 
 For layup [45/90], the k12 is smaller than k22. As a result, the Rx1 and Ry1 become 
insignificant compared to E22 and E33 from TWCSCB Model 1, respectively. Therefore, 
the discrepancies from two TWCSCB models are small as shown in Table 5.1. 
 
 For random layups [60/70/80] and [70/-20] 2 , the Rx1 and Ry1 are both nearly -50% 
of E22 and E33 of TWCSCB Model 1 indicating a significant reduction in E22 and E33 in 
TWCSCB Model 2. This is caused as the k12 is much greater than k22.  
 
Stiffness 
parameters 
Koller layups [65] symmetric 
Anti 
symmetric 
Quasi 
isotropic 
[45/90] [60/70/80] [75/-75] s [70/-20] 2 [75/90/-75] 
A11 5.54E+07 2.76E+07 2.12E+07 1.31E+08 2.06E+07 
A12 3.95E+07 3.45E+07 2.26E+07 3.36E+07 1.70E+07 
A16 3.48E+07 1.50E+07 0.00E+00 -3.31E+07 0.00E+00 
A26 3.48E+07 7.09E+07 0.00E+00 3.31E+07 0.00E+00 
B12 -1.68E+04 -9.46E+03 0.00E+00 0.00E+00 0.00E+00 
B16 -1.74E+04 -6.43E+03 0.00E+00 -1.12E+04 -2.52E+03 
B26 -1.74E+04 -9.77E+03 0.00E+00 -1.12E+04 -2.84E+04 
B66 -1.68E+04 -9.46E+03 0.00E+00 0.00E+00 0.00E+00 
k12 9.99E+06 5.21E+07 0.00E+00 4.16E+07 0.00E+00 
k22 2.09E+07 2.97E+07 2.59E+07 2.85E+07 2.03E+07 
k23 -6.83E+03 -4.63E+03 0.00E+00 -1.12E+04 -2.84E+04 
Rx1 -8.59E+02 -1.65E+04 0.00E+00 -1.09E+04 0.00E+00 
Rx2 1.14E+01 2.85E+01 0.00E+00 5.72E+01 0.00E+00 
Rx3 -2.23E-01 -7.22E-02 0.00E+00 -4.38E-01 -3.97E+00 
Ry1 -5.18E+02 -9.92E+03 0.00E+00 -6.59E+03 0.00E+00 
Ry2 1.14E+01 2.85E+01 0.00E+00 5.72E+01 0.00E+00 
Ry3 -3.13E-01 -1.01E-01 0.00E+00 -6.14E-01 -5.56E+00 
Rx -8.37E+02 -1.64E+04 0.00E+00 -1.08E+04 -3.97E+00 
Ry -4.95E+02 -9.86E+03 0.00E+00 -6.47E+03 -5.86E+00 
(E22)M1 3.03E+04 3.42E+04 4.28E+04 2.18E+04 4.67E+04 
(E33)M1 1.85E+04 2.07E+04 2.58E+04 1.31E+04 2.82E+04 
∆E22 -2.76% -47.95% 0.00% -49.68% -0.01% 
∆E33 -2.68% -47.60% 0.00% -49.61% -0.02% 
Table 5.2: Stiffness parameters of the single-cell cantilever box beam with different 
composite laminate configurations 
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Figure 5.6: Comparisons of displacement V at free end as a function the ply angle 
 
 
 
 
 
Figure 5.7: Comparisons of displacement U at free end as a function the ply angle 
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Figure 5.8: Comparisons of displacement V at free end as a function t1 
 
 
 
 
 
Figure 5.9: Comparisons of displacement U at free end as a function t1 
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The next example is the same box beam with only one ply at variable fibre angle φ 
from 0º to 90º, subject to the FX and FY in Table 5.1. Figures 5.6 and 5.7 show the 
variation of the transverse displacements U and V at free end as a function of the φ. 
Unsurprisingly, the results predicted by TWCSCB Model 2 are consistently well 
compared to ABAQUS simulations. In contrast, TWCSCB Model 1 closely agrees with 
both TWCSCB Model 2 and ABAQUS before φ<15º because the ∆E22 and ∆E33 are 
negligibly small. For φ>15º, the discrepancy continuously increases until fibre angle 
reaches 65º as the ∆E22 and ∆E33 significantly increases. Then the discrepancies start to 
decrease as the ∆E22 and ∆E33 falls. As the φ approaches to 90º, the discrepancy 
vanishes as ∆E22 and ∆E33 return to zeros.  
 
The next example is the same box beam with [45/-45] stacking sequence, subject to 
the FX and FY in Table 5.1. The thickness of 45º and -45º angle plies are denoted as t1 
and t2, respectively. The total thickness of the wall remains constant at 2mm. The t1 
increases from 1mm up to 1.9mm with a fixed increment of 0.05mm. Therefore, the t2 
decreases from 1mm to 0.1mm with a fixed decrement of 0.05mm. Figures 5.8 and 5.9 
illustrate the variation of the transverse displacements U and V at free end with respect 
to the change of t1. As expected, TWCSCB Models 1 and 2 are almost identical when 
the thickness ratio equal to unity as the ∆E22 and ∆E33 are both close to zeros. As t1 
increases, the transverse displacements, U and V, simulated by ABAQUS significantly 
increase. The TWCSCB Model 2 shows good agreement to the ABAQUS results. In 
contrast, the TWCSCB Model 1 yet again completely fails to predict such variation as 
both U and V are uniform regardless of the variation of t1 and t2. It can be seen from Eq. 
(B.2f) and (B.2g) that the bending stiffness E22 and E33 are mainly contributed by the 
closed integration of the first terms k11Y
2
 and k11X
2
. Since the stiffness parameters A11, 
A12 and A22 are always constant for +θ and -θ, one obtains from Eq. (5.26b) that k11 
remains constant regardless of variation of thickness of each ply. The gap in Figure 5.9 
is caused by the transverse shear of the beam. The deviation is only a fraction of 1.1%.  
 
The effects of bending shear in Eqs. (5.41) can be separated into two categories by 
S14 and S24. For symmetric laminate configurations, the S14=S24=0 so that the effects 
from bending shear disappear. For S14≠0 and S24≠0, the S24 is negligibly small 
compared to S14 because k23 is negligibly small compared to k12. Therefore, the effects 
from bending shear associated with S24 in Eqs. (5.41) can be generally ignored. The 
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remaining bending shear terms associated with S14 are: 
 dsNS
B
sz14 ;  dsYNS
B
sz14
;  dsXNS
B
sz14
;  dsNS
B
sz14 ,  rdsN
B
sz  
For the present box beam subject to a transverse shear load FY vertically downward as 
shown in Figure 5.10. The shear flows induced by FY follows the rule of symmetry as: 
6712 B
zs
B
zs NN  ,
5623 B
zs
B
zs NN  ,
7881 B
zs
B
zs NN  ,
4534 B
zs
B
zs NN   
With those relationships, it is easy to obtain that 
014  dsNS
B
sz ,   014 dsYNS
B
zs
,   014 dsYNS
B
zs
, 0 rdsN
B
sz , 014  dsNS
B
sz  
This indicates that the bending stiffness in X direction remains unchanged under a 
transverse load FY. The non-zero term  dsYNS
B
zs14
 is small anyway since the shear 
flows in the flange are small. The evidence can be found from Table 5.1 that the 
accuracy of TWCSCB Model 2 remains almost unchanged between TWCSCB Model 2 
and ABAQUS even though the value of S14 for layup [60/70/80] is significantly larger 
than symmetrical layup [75/-75]s. Similarly, for a box beam under a transverse load FX, 
the bending stiffness in Y direction is not affected by the bending shear. In practical 
application, majority of closed cross-sections are more or less symmetrical. Therefore, 
the bending shear effects are expected to be small for the primary bending deformation.  
 
Figure 5.10: Shear flow diagram of a box section subject to a shear force FY 
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To validate present TWCSCB on a commonly used single-cell closed section with 
curved walls, a cantilever single-cell cylinder with geometry shown in Figure 5.11 is 
studied. The same five layups as those assessed for single-cell box beam are 
investigated and the results are tabulated in Table 5.3. No comparison for the load case 
FX as it is identical to load case FY. As anticipated, the observations are the same as 
those concluded from assessments of the single-cell box beam. Therefore, it can be 
concluded that the TWCSCB Model 1 is incomplete for random laminate layups. 
Meanwhile, the TWCSCB Model 2 is the general solution for any stacking sequence. 
 
 
Figure 5.11: A cantilever thin-walled composite cylinder subject to an axial load at free end 
 
 
   Koller layups [65] symmetric 
Anti 
symmetric 
Quasi 
isotropic 
Load Case Disp Models [45/90] [60/70/80] [-75/75]s [70/-20]2 [75/90/-75] 
  ABAQUS 6.75E-04 1.14E-03 4.58E-04 1.76E-03 4.20E-04 
 W,m Model 1 6.75E-04 1.14E-03 4.58E-04 1.76E-03 4.20E-04 
  Model 2 6.75E-04 1.14E-03 4.58E-04 1.76E-03 4.20E-04 
FZ=2.4kN        
  ABAQUS -9.37E-03 -5.82E-02 0.00E+00 -7.33E-02 8.69E-04 
 Ф, rads Model 1 -9.25E-03 -5.84E-02 0.00E+00 -7.33E-02 8.88E-04 
  Model 2 -9.25E-03 -5.84E-02 0.00E+00 -7.33E-02 8.88E-04 
        
  ABAQUS 2.32E-03 3.81E-03 1.62E-03 6.22E-03 1.50E-03 
FY=150N V,m Model 1 2.18E-03 1.94E-03 1.56E-03 3.08E-03 1.43E-03 
  Model 2 2.24E-03 3.72E-03 1.56E-03 6.11E-03 1.43E-03 
        
  ABAQUS 1.88E-02 2.52E-02 1.44E-02 2.59E-02 1.84E-02 
MZ=100N.m Ф, rads Model 1 1.89E-02 2.53E-02 1.43E-02 2.59E-02 1.83E-02 
  Model 2 1.89E-02 2.53E-02 1.43E-02 2.59E-02 1.83E-02 
Table 5.3: Comparisons of displacements at free end for the cantilever single cell cylinder 
with different composite laminate configurations  
Chapter 5 Structure Mechanical Modelling of TWCSCBs (Single-cell) 
 ~ 132 ~  
5.5 Summary 
This chapter presents a new TWCSCB model that is truly applicable to arbitrary 
laminate layups for single-cell sections. The following observations are concluded: 
 
 The existing TWCSCB Model 1 is only applicable to the composite beam, 
whose laminate configuration is either symmetrical or quasi-isotropic so that material 
couplings between      and                are either zero or small.  
 The present TWCSCB Model 2 is validated to be applicable for arbitrary 
laminate configurations. 
 The effects of bending shear are weighted. The results show that no presence of 
such effects for symmetrical layup or negligible for quasi-isotropic laminate 
configuration. For other laminate configurations, the effects are small for a symmetrical 
closed section and can be neglected. 
 The small discrepancy may be improved by introducing the transverse shear 
energy with     and    . However, the difference is small in present case. 
 
Since the wind turbine blade consists both single-cell and multi-cell airfoil sections. 
The future works will concentrate on validating the present TWCSCB models with 
multi-cell closed section. Once validations of multi-cell sections are completed, the 
numerical application of present TWCSCB Models to a realistic wind turbine blade will 
be carried out. Present TWCSCB model will be part of the aero-elasticity model to 
calculate the elastic deformations of a genuine wind turbine blade under real wind load. 
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Chapter 6 
Structure Mechanical Modelling of Thin-walled Closed 
Section Composite Laminated Beams (Multi-cell) 
 
6.1 Introduction 
For a wind turbine blade, the structural mechanics of thin-walled multi-cell closed-
sections, made of laminated composite materials, are critical as it represents a large 
portion of the blade body. Extending from the development of the single-cell TWCSCB 
Model 1, the multi-cell TWCSCB Model 1 was developed by Librescu and Song (LS) 
[67]. Similarly, Vo.TP et al [74,75] made their TWCSCB Model 1 applicable to the 
multi-cell sections. The TWCSCB models presented by LS and Vo.TP are similar kind. 
For consistency, it is still named TWCSCB Model 1. The major goal in this chapter is to 
develop the multi-cell TWCSCB model from the single-cell TWCSCB Model 2 in 
Chapter 5, which is still named TWCSCB Model 2. The numerical validations are 
performed with ABAQUS shell models including a three-cell box beam and a three-cell 
elliptical beam. Five laminate layups assessed previously for single-cell TWCSCBs are 
used again, i.e symmetric, asymmetric, quasi-isotropic and the two studies by Kollar et 
al [65]. The developments of kinematics and constitutive equations of a multi-cell 
TWCSCB model focus on the formulations of       in the composite wall. 
 
 
6.2 Fundamental formulations 
For the multi-cell TWCSCB model, the fundamental kinematics is identical to those 
derived for the single-cell TWCSCB model until Eq. (5.15). The definitions of 
coordinates and displacements for a multi-cell closed-section are exactly the same as 
those used in Chapter 5, as shown in Figure 6.1, which uses a three-cell elliptical 
section as an example. The      developed on a multi-cell section is different from those 
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developed for the single-cell. Obviously, the constitutive equations of local wall are 
identical for both single-cell and multi-cell closed section. 
 
 
Figure 6.1: Notations of sectional coordinates and displacements for a multi-cell section  
 
 
6.2.1 Kinematics 
Continued from Eq. (5.15), the general form of shear strain is recalled as. 
dssrdssz   )(  (6.1) 
In order to determine      for a multi-cell closed-section consists of N cells as shown in 
Figure 6.2, LS [67] assumes a constant shear flow            developed within each 
cell under the St.Venent pure torque, i.e. 
N
sz
R
szszsz NNNN ,,
21  , where G represents 
the equivalent shear modulus and the t is the thickness of the wall. Clearly, this 
assumption still treats composite material with isotropic materials law. Similar 
derivations can be found from works for a multi-cell section made of isotropic materials 
[95]. Consider the Rth cell of a N cells beam, the rate of twist of Rth cell complies with 
Eq. (6.1) as: 




R
sz
R
R
R
sz
R ds
Gt
N
Ards
ds
2
1'

 (6.2) 
where AR is the enclosed area by mid-line of the Rth cell.  
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Figure 6.2: Shear flow diagram of a multi-cell section subject to a pure torque MZ 
 
The shear flow developed in each wall segment is a constant. Since each web is 
bounded by two cells, the shear flow in each web equals the summation of shear flow 
developed in two cells. For simplicity, the shear flow Nsz is replaced by symbol q. The 
positive shear flow direction is the counter-clockwise within Rth cell when Eq. (6.2) is 
considered. For considerations of the global shear flow, the positive shear flow direction 
is the counter-clockwise direction regarding to origin. To establish corresponding 
Eq.(6.2) for Rth cell, the shear flow from (R-1)th cell and (R+1)th cell are negative while 
the shear flow from Rth cell is positive. Therefore, the explicit form of Eq. (6.2) for Rth 
cell becomes: 
 4113423112' )()(
2
1
   RRRRRR
R
R qqqqqq
A
 (6.3a) 
where: 

j
i
ij Gtds /  (6.3b) 
This can be rearranged as: 
 1,11,1,'
2
1
  RRRRRRRRR
R
R qqq
A
  (6.4a) 
where δR,R denotes the closed integration of the Rth cell. δR,R-1 represents the integration 
of the wall bounded by the Rth cell and (R-1)th cell. Similarly, δR,R+1 symbolizes the 
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integration of the wall bounded by the Rth cell and (R+1)th cell. They are defined as 
follows: 
  RRRR Gtds,, /  (6.4b) 
    1,1, /RRRR Gtds  (6.4c) 
    1,1, /RRRR Gtds  (6.4d) 
Analogous equations to Eqs. (6.4) can be established for each cell. As a result, one 
matrix form exists: 
    'qH  (6.5a) 
where for N constituent cells: 
   TNN qqqqq 121    (6.5b) 
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 (6.5d) 
where the elements Hi,j are expressed as: 
ji
i
ji
A
H ,,
2
1

 
(6.5e) 
The cross-section of the beam is considered invariance according to assumption (i). 
Hence, all cells have the same rate of twist as the rate of twist of the section Ф′as:  
'''
1
'
2
'
1   NN  (6.6) 
Therefore, Eq. (6.5c) can be modified as: 
  ''  I  (6.7) 
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where I is the unit vector. Substituting Eq. (6.7) into Eqs. (6.5), the shear flow of each 
cell, as a function of sectional rate of twist, Ф’, is given as: 
    ' Jq  (6.8) 
where: 
    IHJ 1  (6.9) 
Finally, the shear flow distribution in each wall can be calculated as: 
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 (6.10) 
where the subscript of N denotes the walls of the Nth cell that are not bounded with any 
other cells, e.g. the wall 1-2 and 3-4 in Figure 6.2. Whereas the subscript of N-1,N 
denotes the wall bounded by (N-1)th and Nth cells, for example the wall 2-3 in Figure 6.2. 
Invoking the isotropic material law that             , the distribution of shear strain 
for a multi-cell section in TWCSCB Model 1 becomes: 
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 (6.11) 
Eq. (6.25) can be written in the tensor form as: 
xysz sss  )(')()(   (6.12) 
where the location of wall segment is expressed as s=(1),(2,1),(2),(3,2)……(N,N-1),(N). 
Effectively, Eq. (6.12) is the substitution of Eq. (5.16) for multi-cell sections. ψ is the 
torsional function of a multi-cell closed-section. Instead of assuming constant shear 
flow Nsz, Vo.TP’s work [74,75] assumes a constant quantity       around the contour. 
The torsional function ψ in Vo.TP’s model therefore becomes: 
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where the Eq. (6.3b-d) for Ji becomes 
  RRR tds /,  (6.14a) 
    1,1, /RRRR tds  (6.14b) 
    1,1, /RRRR tds  (6.14c) 
However, the assumption of constant quantity       around the contour is in question for 
composite materials.  
 
 
 
6.2.2 Constitutive equations of global beam 
Apart from that the torsional function ψ becomes a matrix for multi-cell sections, given 
in Eqs (6.11) and (6.13) for LS’s model [67] and Vo.TP’s model [74], respectively, all 
notations and kinematics equations remains the same for the multi-cell section as those 
in Chapter 5 for the single-cell section. Therefore, the development for the multi-cell 
section from Eq.(6.12) onward is identical to the procedures starting from Eqs.(5.16) to 
(5.31). Therefore, which it is not repeated in this section. Eventually, the constitutive 
equations of the global beam, i.e. the relationships between the sectional forces and 
moments, i.e.                and the global strain and curvatures, i.e. 
                are obtained in the same approaches as those derived for single-cell 
section. The explicit formulations are identical to those derived for the single-cell 
TWCSCB Model 1 and can be found in Appendix B.  
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Similarly, the development from Eq.(5.32) to (5.34) for single-cell section of 
TWCSCB Model 2 is valid for the multi-cell section. Continuing from Eq.(5.34), the 
development of multi-cell TWCSCB Model 2 is carried out in the following derviations. 
Considering the Rth cell of an N cells beam, the rate of twist of Rth cell complies with Eq. 
(6.1). As a result, Eq.(5.35) for Rth cell is recalled as: 
  XYR
R
szszzzzz AdsNSSSS  244434241   (6.15) 
The shear flow Nsz can be considered in two parts, namely the constant St.Venant 
torsional shear flow    
  and the variable bending shear flow    
 , i.e.        
     
 .  
Substituting this expression into Eq (6.15) gives,  
  XYR
R
B
sz
T
szszzzzz AdsNSNSSSS  24444434241   (6.16) 
Since R
B
szdsNS44  are negligibly small for most of the closed-cross sections in use, 
rearranging Eq. (6.16), the Nsz can be solved from: 
       R szR zzR zzXYRR
T
sz dsSdsSdsSAdsNS  43424144 2  (6.17) 
Replacing 
T
szN  by q for simplicity, the left-hand side of Eq. (6.17) can be considered 
from each wall segments as: 
 1,11,1,44   RRRRRRRRRR
T
sz qqqdsNS   (6.18a) 
where: 
 RRR dsS44,  (6.18b) 
   1, 441, RRRR dsS  (6.18c) 
   1, 441, RRRR dsS  (6.18d) 
The right-hand side of Eq. (6.17) can be modified by substituting the compatibility from 
Eqs. (5.8) and (5.18) yields: 
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 (6.19) 
Analogous solutions to Eqs (6.15) - (6.19) can be established for each cell. As a result, 
one matrix form is obtained as: 
      Pq   (6.20a) 
Where: 
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 (6.20b) 
   TNN qqqqq 121    (6.20c) 
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 (6.20d) 
   TXYYXz    (6.20e) 
Care must be taken to decide the sign of all closed integrals in associated with the 
sign of the shear strain. Figure 6.3 shows the shear flow diagram of a three-cell box 
beam. For cell 1, the shear flow and consequently the shear strain from nodes to nodes 
direction 12-1-2-3-4 is positive with respect to cell 1 while the shear flow from nodes to 
nodes direction 4-13-12 is negative with respect to cell 1. Thus, the first element of the 
first row of matrix [P] in Eq.(6.20d) becomes: 
   12134 14432112 141 14 dsSdsSdsS  (6.21) 
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 Figure 6.3: The shear flow diagram of a three-cell box section 
 
From Eq. (6.20), the shear flow developed in each cell, et NR qqqq ,, 21   are solved 
in terms of the global strain and curvatures, i.e.                : 
    q  (6.22a) 
Where: 
     P1   (6.22b) 
Finally, the shear flow distribution in each wall can be calculated as: 
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 (6.23) 
where jN ,  is the Nth row of matrix [P]. Replacing the q by    
 , the constant shear 
flow at each wall segment is given as: 
         5,4,3,2,1,)( ssXYsYsXszTsz KKKKsN    (6.24) 
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where the location of the wall segment is s=(1),(2,1),(2),(3,2)……(N,N-1),(N), which is 
the same notations as those in Eq. (6.12). Eq.(6.24) is the substitution of Eq.(5.37) for 
the development of multi-cell TWCSCB Model 2. Substituting Eq. (6.24) together with 
Eq.(5.8) and (5.18) into Eq.(5.34) firstly, then further into Eqs. (5.31a,b,c,e) and (5.40), 
the beam force and moments i.e                can finally be expressed in terms of 
strain and curvatures of the wall i.e                 as shown in Eq.(6.25) 
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 (6.25) 
where the elements Eij are stored in Appendix H. In a similar way, those beam stiffness 
can then be implemented in the FE formulations outlined in section 5.3.  
 
 
6.3 Numerical validations 
To validate present multi-cell TWCSCB model, a three-cell cantilever box beam is used 
as shown in Figure 6.4. The numerical results, calculated by analytical TWCSCB 
Models 1 and 2, are compared to simulations from an ABAQUS shell model using the 
setup as in Chapter 5. 
 
 
Figure 6.4: A three-cell cantilever box beam subject to an axial load at free end 
 
The geometry of the three-cell cantilever box beam is shown in Figure 6.4. The box is 
divided into three equal cells. The material properties are summarized as 
GPaE 1481  , GPaE 65.92  , GPaG 55.412  , 3.012   
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The three-cell box beam satisfies both geometry and material condition. Similarly to 
single-cell box beam, the centorid and shear center are coincided with the origin. As a 
result, no bending moments are induced by the axial load FZ. The angle of twist subject 
to FZ only is purely caused by axial-twist coupling because MZ is not applied. Likewise, 
the transverse loads FX and FY applied at free end generate bending moments only. 
 
   Koller layups [65] symmetric 
Anti 
symmetric 
Quasi 
isotropic 
Load Case Disp Models [45/90] [60/70/80] [-75/75]s [70/-20]2 [75/90/-75] 
  ABAQUS 3.89E-04 6.13E-04 2.64E-04 9.36E-04 2.44E-04 
 W,m Model 1 3.89E-04 5.71E-04 2.65E-04 8.75E-04 2.43E-04 
  Model 2 3.90E-04 6.15E-04 2.65E-04 9.43E-04 2.43E-04 
FZ=2.4kN        
  ABAQUS -6.21E-03 -3.62E-02 0.00E+00 -4.42E-02 7.75E-04 
 Ф, rads Model 1 -6.06E-03 -3.36E-02 0.00E+00 -4.17E-02 8.04E-04 
  Model 2 -6.09E-03 -3.62E-02 0.00E+00 -4.49E-02 8.04E-04 
        
  ABAQUS 2.00E-03 3.26E-03 1.39E-03 5.29E-03 1.30E-03 
FY=150N V,m Model 1 1.91E-03 1.70E-03 1.36E-03 2.69E-03 1.25E-03 
  Model 2 1.96E-03 3.25E-03 1.36E-03 5.34E-03 1.25E-03 
        
  ABAQUS 9.13E-04 1.16E-03 6.40E-04 1.79E-03 6.06E-04 
FX=150N U,m Model 1 8.56E-04 7.59E-04 6.06E-04 1.19E-03 5.55E-04 
  Model 2 8.70E-04 1.07E-03 6.06E-04 1.70E-03 5.55E-04 
        
  ABAQUS 1.68E-02 2.04E-02 1.29E-02 2.06E-02 1.64E-02 
MZ=100N.m Ф, rads Model 1 1.70E-02 1.99E-02 1.30E-02 2.02E-02 1.66E-02 
  Model 2 1.71E-02 2.05E-02 1.30E-02 2.09E-02 1.66E-02 
Table 6.1: Comparisons of displacements at free end for the three-cell cantilever box beam 
with different laminate configurations 
 
Table 6.1 shows the primary and axial-twist coupling displacements at free end of 
the three-cell cantilever box beam with different laminate layups subject to various tip 
static loads. Five layups that were studied for single-cell box beam are assessed. 
Similarly to the single-cell box beam, a three-cell box beam would only exhibit the 
axial-twist coupling and primary displacements if both material condition and geometry 
condition are satisfied. Therefore, the axial-twist coupling and all primary 
displacements are objects for numerical comparisons. For symmetric and quasi-
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isotropic laminate layups, the results predicted by both TWCSCB models are identical 
and compares well with ABAQUS simulations. For layups [45/90], the difference 
between two TWCSCB models becomes clearly visible but not significant. The 
TWCSCB Model 2 achieved better accuracy than TWCSCB Model 1 compared to 
ABAQUS benchmark. For random layups [60/70/80] and antisymmetric layup [70/-20]2, 
the TWCSCB Model 2 achieved consistently close agreement with ABAQUS whereas 
unacceptable errors are found in TWCSCB Model 1.  
 
Again, the failure of TWCSCB Model 1 in predicting random layups is a result of 
the inappropriate application of isotropic shear strain of Eqs. (6.12) for multi-cell 
sections made of composite laminated materials. Instead, the shear strain should be 
defined by Eqs. (6.15) in present TWCSCB Model 2, which indicates that the shear 
strain      of a composite shell is not only induced by shear flow Nsz but also depends on 
the material couplings with axial strain     , and curvatures      and     . 
 
The causes of significant errors in calculating the bending stiffness are similar to 
those observed in analysis of the single-cell section. The A16 and A26 decide the 
magnitude of k12 and k23, which ultimately affect the magnitude of ∆E22 and ∆E33. 
Unlike the single-cell box beam of which axial, axial-twist coupling and torsional 
stiffnesses were unchanged between TWCSCB Model 1 and 2 regardless of laminated 
layups, the axial, axial-twist coupling and torsional stiffnesses of the multi-cell box 
beam varies between two TWCSCB models for different laminate layups, as shown in 
Table 6.1. Assessments of the stiffness difference, i.e. ∆E11 and ∆E44, can be carried out 
in the similar approach as ∆E22 and ∆E33 in Chapter 5. The terms representing the 
difference between two TWCSCB models are underlined in Appendix I. The ∆E11 is 
studied as a demonstration in present work.  
 
The relationship between FZ and    for TWCSCB Model 1 is defined by the 
stiffness term E11 given in Appendix B as:  
  dskE
sM  11111  (6.26) 
where the subscript M1 denotes the TWCSCB Model 1. From Eqs (I.1), the counterpart 
E11 for TWCSCB Model 2 can be expressed as: 
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    ZMs sssM REdsSdsk
k
dskE   1111,14
22
2
12
11211
   (6.27) 
where the subscript M2 denotes the TWCSCB Model 2 and the following terms are 
defined: 
21 ZZZ RRR   (6.28a) 
where: 
ds
k
k
R
s
Z  
22
2
12
1  (6.28b) 
dsSR
s
sZ  1,142   (6.28c) 
Table 6.2 lists the stiffness parameters and the variation of the axial stiffness between 
two TWCSCB models for various laminate layups. Upon comparisons, the following 
observations were obtained: 
 Generally, ∆E11 due to terms RZ1 and RZ2 are less significant compared to the ∆E22 
and ∆E33. The material coupling between sz  and zz  is mainly contributed to the 
warping, which is negligible and ignored in present studied. 
 For symmetrical layups and quasi-isotropic layup, A16=A26 =0. Effectively, k12 =0. 
Therefore, RZ vanishes so that the axial displacements calculated by two TWCSCB 
models are identical. 
 For layup [45/90], the k12 is much smaller than k22. As a result, the magnitude of Rz 
become insignificant compared to E11 from TWCSCB Model 1. Therefore, the 
difference of the axial stiffness of two TWCSCB models is small.  
 For random layups [80/70/60] and [70/-20] 2 where the k12 is much greater than k22, 
the Rz is greater than 4% of E11 from TWCSCB Model 1 and must be considered.  
Following the same principles reported in single-cell study, the effects of bending shear 
are negligible for a multi-cell section that satisfying both geometry and material 
conditions. In general, it is small compared to the effects of the torsional shear and can 
be neglected for applications of a multi-cell thin-walled closed-section. 
 
To validate present TWCSCB model on a commonly used multi-cell closed section 
with curved walls, a cantilever multi-cell elliptical beam is assessed. Figure 6.5 shows 
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Stiffness 
parameters 
Koller layups [65] symmetric 
Anti 
symmetric 
Quasi 
isotropic 
[45/90] [60/70/80] [75/-75] s [70/-20] 2 [75/90/-75] 
A16 3.479E+07 1.497E+07 0.000E+00 -3.313E+07 0.000E+00 
A26 3.479E+07 7.089E+07 0.000E+00 3.313E+07 0.000E+00 
k12 9.990E+06 5.213E+07 0.000E+00 4.164E+07 0.000E+00 
k22 2.087E+07 2.968E+07 2.592E+07 2.851E+07 2.031E+07 
RZ1 -1.82E+06 -3.48E+07 0.00E+00 -2.31E+07 0.00E+00 
RZ2 1.66E+06 3.19E+07 0.00E+00 2.12E+07 0.00E+00 
RZ -1.53E+05 -2.93E+06 0.00E+00 -1.95E+06 0.00E+00 
(E11)M1 6.32E+07 7.18E+07 9.05E+07 4.64E+07 9.88E+07 
∆E11 -0.24% -4.09% 0.00% -4.20% 0.00% 
Table 6.2: Stiffness parameters for the three-cell cantilever box beam with different 
laminate configurations 
 
   Koller layups [65] symmetric 
Anti 
symmetric 
Quasi 
isotropic 
Load Case Disp Models [45/90] [60/70/80] [-75/75] s [70/-20] 2 [75/90/-75] 
  ABAQUS 5.21E-04 8.03E-04 3.54E-04 1.23E-03 3.26E-04 
 W,m Model 1 5.19E-04 7.46E-04 3.55E-04 1.14E-03 3.25E-04 
  Model 2 5.21E-04 8.07E-04 3.55E-04 1.23E-03 3.25E-04 
FZ=2.4kN        
  ABAQUS -9.37E-03 -5.38E-02 0.00E+00 -6.65E-02 1.20E-03 
 Ф, rads Model 1 -9.18E-03 -4.99E-02 0.00E+00 -6.15E-02 1.44E-03 
  Model 2 -9.23E-03 -5.41E-02 0.00E+00 -6.66E-02 1.44E-03 
        
  ABAQUS 3.74E-03 6.09E-03 2.61E-03 1.00E-02 2.43E-03 
FY=150N V,m Model 1 3.59E-03 3.20E-03 2.57E-03 5.09E-03 2.35E-03 
  Model 2 3.68E-03 6.10E-03 2.57E-03 1.01E-02 2.35E-03 
        
  ABAQUS 2.58E-03 3.50E-03 1.81E-03 5.66E-03 1.68E-03 
FX=150N U,m Model 1 2.45E-03 2.19E-03 1.76E-03 3.47E-03 1.61E-03 
  Model 2 2.50E-03 3.42E-03 1.76E-03 5.54E-03 1.61E-03 
        
  ABAQUS 3.03E-02 3.58E-02 2.33E-02 3.64E-02 2.97E-02 
MZ=100N.m Ф, rads Model 1 3.07E-02 3.48E-02 2.32E-02 3.53E-02 2.96E-02 
  Model 2 3.08E-02 3.60E-02 2.32E-02 3.64E-02 2.96E-02 
Table 6.3: Comparisons of displacements at free end for the cantilever three-cell elliptical 
beam with different laminate configurations 
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the geometrical specification of the beam. The five layups assessed for multi-cell box 
beam are tested. The theoretical results are tabulated in Table 6.3 along with ABAQUS 
simulations. As expected, the observations are the same as those concluded from the 
analysis of the three-cell box beam. 
 
 
Figure 6.5: A three-cell cantilever elliptical beam subject to an axial load at free end 
 
 
6.4 Summary 
This chapter extends the single-cell TWCSCB Model 2 to a multi-cell TWCSCB model. 
As an opponent, the TWCSCB Model 1 proposed by LS and Vo.TP were reviewed. In 
order to validate the analytical TWCSCB models, the numerical applications were 
carried out through two different case studies, a three-cell box beam and a three-cell 
elliptical beam. Five composite laminated layups that was studied for single-cell were 
assessed, too. The results indicated that the present TWCSCB Model 2 is consistent 
with arbitrary composite laminated layups compared to ABAQUS simulations. 
Although it was claimed to be applicable to aribitary layups, the TWCSCB Model 1 
shown significant deficiency for layups [60/70/80] and [70/-20]2 compared to ABAQUS 
results. Similar to conclusions from the study of single-cell TWCSCB, such deficiency 
is caused as a consequence that the TWCSCB model 1 calculates the shear strain      in 
a wall made of laminated composite material without considering its composite material 
couplings with           and     . The numerical results have revealed that the coupling, 
between       and      , can be significant depending on layup configurations. In 
summary, present TWCSCB model is validated as a consistent and reliable analytical 
model for both single-cell and multi-cell TWCSCB with arbitrary layups.  
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Chapter 7 
Numerical Applications of TWCSCB Model for a 
Fibre Reinforced Composite Wind Turbine Blade 
 
7.1 Introduction 
This chapter aims to apply the TWCSCB Model 2 developed in Chapter 5 and 6 to a 
fibre reinforced composite wind turbine blade. Cárdenas et al [76] applied TWCSCB 
Model 1 developed by Vo.TP [74] to a realistic wind turbine rotor blade, which is a 
simplified LS TWCSCB model [67]. However, the investigation from Chapter 5 and 6 
suggested that this type of TWCSCB theory is only valid if the material couplings of 
composite laminate are negligibly small. In that case, isotropic materials laws can be 
applied. In addition, the assumption of constant quantity tsz  around the contour s in 
Vo.TP’s model [74] is in question for a commercial wind turbine blade, for which the 
composite materials and laminate layups are both not uniform around contour s. In 
contrast, the present TWCSCB Model 2 has been validated to allow arbitrary laminate 
specifications at sections including the number of cells, laminate lay-ups, materials and 
etc, which provides a total freedom in modelling complicated wind turbine blade in an 
efficient but accurate fashion. As clarified by Cárdenas et al [76] that such 1-D 
TWCSCB model retains the coupling characteristics of a fibre reinforced composite 
wind turbine blade compared to typical 1-D beam element. 
 
The wind turbine blade, NPS-100 prototype, previously studied by both Cárdenas et 
al [76] and Locke et al [4], is selected for numerical validations of four static load cases. 
Despite the FE simulating results are readily available from previous works carried out 
by Cárdenas et al [76], their comparisons for static cases are generally poor. 
Additionally, large inconsistency was found in comparisons between FE simulating 
results from Cárdenas et al [76] and Locke et al [96]. Clearly, the geometrical 
constructions and layup mapping at some complicated region may vary from one to 
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another, such as the transition region from cylindrical root to aerofoil. For that reason, 
an FE shell model is built in ABAQUS based on the geometry and material layups 
presented by Cárdenas et al [76]. To make sure the ABAQUS shell model, as a 
benchmark, is constructed properly, the natural frequency of the ABAQUS FE shell 
model is firstly validated with those obtained by Cárdenas et al [76]. Based on the 
specifications used to construct the ABAQUS shell model, the TWCSCB models of 
Vo.TP [74], LS [67] and present are all programmed in Matlab to compute analytical 
results  
 
This chapter is organised as follows: section 7.2 briefly reviewes the background of 
the NPS-100 prototype blade. Section 7.3 and 7.4 summarise the blade geometries and 
materials, respectively. Section 7.5 outlines the establishment of the ABAQUS shell 
model. Section 7.6 describes the modelling procedures of the TWCSCB model. Section 
7.7 compares numerical results between TWCSCB results and ABAQUS simulations.  
 
 
7.2 Background of the NPS-100 blade 
The NPS-100 prototype wind turbine blade (NPS) was designed and manufactured for 
Northern Power System by TPI Composite of Warren, RI, as originally reported by 
Locke et al [96]. It was derived from its previous version of ERS-100 prototype, which 
was originally supplied for the 100kW retrofit market in California. The NPS-100 and 
ERS-100 have the identical geometrical appearance but were designed with several 
variations in composite material layups. The 9.2 meter NPS-100 blade is made of 
surface gel-coat, E-glass unidirectional fibres, ±45º and random mat layers for the skin 
and spar cap. Balsa wood is used for shear web. The blade main span was built with 
constant S821 airfoil with a single shear web configuration, as shown in Figure 7.5. 
Explained in Cárdenas et al’s publication [76], there were some missing data regarding 
to the geometry and material layup especially at root region in the Locke et al’s report 
[96], those missing data was recovered by Cárdenas et al [76] through their own 
assumptions. In present work, it is found that some key specifications were not revealed 
in Cárdenas et al’s report [76] especially at transitional region which will be discussed 
later. Given that this transitional region has a significant influence on the stiffness of 
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entire blade because it is close to the blade root, these uncertainties could lead 
fundamental inconsistency in present ABAQUS model compared with the ANSYS 
model built by Cárdenas et al [76]. Therefore, the present analytical results will only be 
compared to present ABAQUS FE results. For simplicity, the NPS-100 in the following 
study is referred as ‘the blade’. 
 
 
7.3 Blade geometry 
Figure 7.1 shows the spanwise view of the blade that generally consists two parts, the 
external and internal geometries. The external geometry of a wind turbine blade is 
mainly designed following criteria of the aerodynamic performance except the root area 
which is primarily designed for the root bending resistance. In contrast, the internal 
geometry, commonly known as the spar, acts as the structural reinforcement to the 
external geometry, primarily resisting the bending load induced by aerodynamic forces.  
 
 
Figure 7.1: Blade geometrical and material segments along blade 
 
The external geometry of the blade is divided into three segments along the spanwise 
direction: 
 
(1) The cylindrical root segment starts from Z=0m to Z=0.6m with a uniform chord 
length Croot=0.325m.  
 
(2) The linear transitional segment starts from Z=0.6m of the cylindrical root to the 
beginning of S821 airfoil at Z=1.8m. A plot of S821 aerofoil is available from NREL 
database available online [97]. The distribution of chord is given by a fifth order 
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polynomial fitted Ctran as shown in Figure 7.2.  
(3) The segment of main span with the constant S821 airfoil runs from Z=1.8m to the 
blade tip at Z=9.2m. The tapered chord is described via a fitted linear polynomial Cmain, 
as given in Figure 7.2. 
 
 
Figure 7.2: The distribution of chord length along Z (span) axis 
 
 
Figure 7.3: The distribution of pre-twisting angle along Z (span) axis 
 
In order to establish the TWCSCB model, it is necessary to define the BCS and SCS. 
The X and Y axis of BCS for a wind turbine blade is commonly chosen as the chordwise 
coordinate at zero pre-twist section, which is the blade root. Moreover, the rotor blade 
axis is often selected as the Z axis because it represents the global pitching measurement. 
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The BCS and SCS for present blade are shown in Figure 7.4. According to this 
assignment, the origins of the circular root, corresponding to external segment 1, locate 
at its geometrical centre corresponding to 50% of the chord measured from leading edge. 
The origins of cross-sections of the main span, corresponding to external segment 3, 
locate at 35% of the chord measured from leading edge. The origins of the translational 
cross-sections are given at the mid-point of the region III of the cross-section in 
Appendix K. The distribution of the blade pre-twisting angle is given in Figure 7.3 via a 
fourth order fitted polynomial, which is implemented by rotating each cross-section 
with respect to its origin. Zero pre-twisting was designed at the root until Z=0.6m with 
the maximum twist of 24.7º. 
 
Inside the blade, a spar shear web is inserted between Z=1m and Z=8.2m along 
spanwise direction as shown in Figure 7.1. The mid-surface of the shear web passes 
through origin, perpendicular to the chord of each cross-section and bounded by the top 
and bottom surfaces, as shown in Figure 7.5. Since the spar shear web possess the same 
pre-twisting as the external geometry, it ends up with a helical shape along the span. 
The constant wall thickness of the shear web is 10.64mm. 
 
 
Figure 7.4: Blade axis and airfoil sections in BCS and SCS 
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7.4 Blade material 
The developed TWCSCB model has been validated to allow arbitrary layups around 
contour s. The materials and the layup sequences can vary freely in all directions. The 
composite material properties to manufacture the blade are tabulated in Table 7.1. The 
C520 and C260 are E-glass/epoxy laminates. Those material properties are coded as 
‘A’-‘E’ for convenience. In Cárdenas et al’s study [76], only the E11 and v12 are provided 
for material ‘balsa wood’, indicating that the balsa wood was treated as the isotropic 
material so that the G12 is calculated as G12=E11/2(1+v12). However, such approach is 
inappropriate as the balsa wood is essentially not isotropic material. The shear modulus 
G12 of this type of balsa wood is recovered from BSDS study [98] that was carried out 
by the same company conducted the test of the NPS-100 blade. Such variation will 
affect the comparison between the ABAQUS shell model from this study and the 
ANSYS shell model presented by Cárdenas et al [76].  
 
The composite layups for the blade are all tri-axial fabrics with different 
distribution of +45,-45 and 90 fibre angles in present SCS. Based on the variations of 
ply thickness, fibre orientations and composite materials, the composite layups have 
been classified into 16 layup codes and identified in Appendix J. 
 
Although the NPS-100 wind turbine blade contains complicated distribution of 
composite laminated layups in the plane of the airfoil sections as well as along the entire 
blade, it is possible to organise such complex with a layup map as defined in Table 7.2, 
which is obtained using following procedures: 
(1) The blade is divided into 8 material regions as shown in Figure 7.1, denoted M1-
M8. The composite laminate layup within each region is constant.  
 
(2) Each cross-section is further split into 6 material regions along the chord from 
leading edge to the trailing edge, denoted ‘I’-‘VI’ and the composite laminate layup is 
uniform within each region around contour s. Notations ‘I’-‘V’ denote the external 
segments of each cross-section of the blade while the notation ‘VI’, which is not 
included in Table 6.2, specifies the spar shear web. Regions ‘I’-‘V’ are separated at 
normalised chord positions, i.e 5%, 30%, 40%, 60%, as shown in Figure 7.5. For the 
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transitional sections, regions ‘I’-‘V’ are divided at specific locations as shown in 
Appendix 7B. 
 
 C520 C260 3/4 mat Gel coat Balsa wood 
Material Code A B C D E 
E11 (GPa) 48.2 43 7.58 3.44 2.07 
E22 (GPa) 11.7 8.9 7.58 3.44 2.07 
G12 (GPa) 6.48 4.5 6.48 1.32 0.14 
ν12 0.3 0.27 0.3 0.3 0.22 
ρ (kg m-3) 1874 1874 1670 1230 144 
Table 7.1: Summary of blade material properties 
 
 
  Material regions 
Material Radius (m) I II III IV V VI 
M1 0.0~0.4 1 1 1 1 1 16 
M2 0.4~0.6 2 2 2 2 2 16 
M3 0.6~1.0 3 3 3 3 3 16 
M4 1.0~1.4 14 4 10 6 15 16 
M5 1.4~3.2 5 6 11 6 15 16 
M6 3.2~7.2 5 7 12 7 15 16 
M7 7.2~8.2 5 8 13 8 15 16 
M8 8.2~9.2 5 9 9 9 15 16 
Table 7.2: Distribution of composite material in Appendix J along blade span 
 
 
 
Figure 7.5: Normalised S821 aerofoil coordinates (shear web between Z=1.0m and Z=8.2m) 
 
Chapter 7 Numerical Applications of TWCSCB Model for a FRC Wind Turbine Blade 
 ~ 155 ~  
In Cárdenas et al’s report [76], the segment of ‘I’-‘V’ for the end of circular section 
at Z=0.6m was not revealed. This was found to be a vital information as it decides how 
the mapping of composite laminate layup runs from Z=0.6m to Z=0.8m. In present 
ABAQUS model, the shell surface of this region is constructed via loft function which 
produces automatic splits at Z=0.6m based on the geometrical segments at Z=0.8m. 
Such uncertainty is one of the aforementioned uncertainties that affect consistency 
comparing present ABAQUS model with the ANSYS model [76]. Since present 
numerical TWCSCB models are programmed with the same data as the ABAQUS shell 
model, such uncertainty would not affect the comparisons between them. 
 
 
7.5 ABAQUS shell model 
Figure 7.6 shows an ABAQUS shell model of the blade, which is employed as a 
benchmark to validate the TWCSCB models. Since the TWCSCB model applies to the 
thin-walled structure whose thickness shear is assumed to be negligibly small, the four-
node linear quad-4 S4R5 shell element from ABAQUS element library is used [94]. 
Such element is widely used in the industry for the purpose of production designs. In 
total, 116209 S4R5 shell elements are meshed for a guaranteed convergence. The 
composite layups are defined arbitrarily through composite layup module built in 
ABAQUS. The shell refers to the mid-surface of the wall and the reference surface for 
the offset, which complies with the TWCSCB model. The composite layups are defined 
in the local SCS according to the definitions in the TWCSCB model, e.g. the fibre 
orientation is measured as the angle from the s axis to z axis in local SCS as shown in 
Figure 7.4. The blade is fully fixed at the root (Z=0m), which is constrained by 
boundary type ‘Encastre’ in ABAQUS corresponding to 
UX=UY=UZ=URX=URY=URZ=0 [94]. The blade tip is constrained by the rigid body 
element so that only the axial displacement and warping displacement UZ is allowed 
corresponding to assumption of non-deformable cross-section in the TWCSCB model.  
 
Based on load cases suggested in Locke et al [96] and Cárdenas et al [76], three 
linear static load cases were applied aiming for validating 1 flapwise bending, 1 
edgewise bending and 1 torsion. In addition to those three linear static load cases, an 
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axial load case is added. This load case simulates the blade subject to the centrifugal 
load for an operating wind turbine. In total, the four load cases are defined as follows: 
 
Load Case 1: FZ=240kN extensional load at tip 
Load Case 2: FY=2230N flapwise load at tip 
Load Case 3: FX=2230N edgewise load at tip 
Load Case 4: MZ=1000N.m torsional load at tip 
 
In the TWCSCB model, the beam forces are obtained from closed integration of the 
shell loads around contour s. In the ANSYS FE model [76], the load is applied as 
concentrated point load at leading edge and trailing edge, which is thought to be 
incompatible with the definition of the TWCSCB theory. For present ABAQUS shell 
model, the loads are applied as the shell edge loads so that they are uniformly 
distributed over the entire shell edge of the tip section, which complies with the 
TWCSCB model.  
 
 
 
Figure 7.6: Layup colour view of the ABAQUS shell model of the NPS-100 blade 
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7.6 TWCSCB model 
Present TWCSCB model allows the calculation of the sectional stiffness at each 
discretized position along the blade. The beam element is formed by two nodes that are 
equivalent to the two sections. For a blade that is divided into N beam elements with 
N+1 nodes, Cárdenas et al [76] assumed the stiffness within Nth beam element is to have 
the uniform distribution as it does at Nth section. Such arrangement is denoted as 
‘uniform stiffness’. The minimum requirement of the convergence was 150 beam 
elements. The majority of the blade span linearly varies in spanwise direction. 
Therefore, it is assumed that the stiffness within Nth beam element is to have the linear 
distribution between Nth node and (N+1) th node, which is expected to not only reduce 
the computational cost for convergence but also improve the accuracy compared to the 
assumption of the constant distribution. Such arrangement is denoted as ‘mean stiffness’. 
Therefore, a mean sectional stiffness is used to represents the uniform sectional stiffness 
of each element as: 
     
2
  1

NijNij
Nij
EE
E  (7.2) 
where  NijE is the mean stiffness for Nth element,   NijE   and   1 NijE are the nodal 
stiffness at Nth and (N+1)th nodes.  
 
For an FE beam model, the number of beam elements affects the convergence 
greatly. In order to mesh the blade with the beam element, the boundaries separating the 
three geometrical segments and eight material segments must be clearly identified. 
Based on the layup code mapping, a minimum of 8 beam elements and 9 nodes are 
required to establish a TWCSCB model of the blade. In addition, It can be seen from 
Table 7.1 that such discretization also captures the boundaries between single-cell 
sections and multi-cell sections at Z=1.0m and Z=8.2m. However, it is insufficient to 
accurately describe the stiffness distribution at transitional region where the geometry is 
relatively complicated and needs refined mesh. In Cárdenas et al’s work [76], five 
sections at Z=0.8m, 1.0m, 1.2m, 1.4m and 1.6m are used to discretize the transitional 
region were employed for present beam model. Compulsorily, the section Z=1.8m must 
always be kept from which the S821 aerofoil starts along main body of the blade. In 
total, at least 12 elements with 13 nodes are needed to fully represent the segments of 
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geometry and material of the blade. The positions of those 13 critical nodes along blade 
axis are Z=0m, 0.4m,0.6m, 0.8m, 1.0m, 1.2m, 1.4m, 1.6m, 1.8m, 3.2m, 7.2m, 8.2m and 
9.2m. To achieve uniform sized mesh while maintaining those important geometrical 
and material boundaries, a uniform element length of 0.2m can be implemented to 
improve the mesh quality, leaving 46 beam elements and 47 nodes. 
 
Each node exhibits 7-DOFs as outlined in Chapter 5, including 1 axial (W), 2 
transverse (U,V), 3 rotations (U’, V’ and Φ) and 1 warping (Φ’). Hence, each two-node 
of a TWCSCB beam element consist a total of 14-DOFs where the stiffness matrix of 
each TWCSCB element can be obtained from Eqs.5.49 in Chapter 5.   
 
 
 
7.7 Numerical results 
Firstly, the first six natural frequencies of the ABAQUS shell model are compared with 
those obtained from a 3-D ANSYS shell model [76] in Table 7.3. Such practice aims to 
make sure that present ABAQUS shell model is correctly constructed. The comparisons 
show two models have almost identical flapwise stiffness while an acceptable 4% 
difference is revealed in edgewise direction. There are two possibilities lead to such 
difference: (1) the ANSYS model [76] was built based on 3D shell 99 quadratic eight-
node element. The number of element used was 3352. The ABAQUS shell model uses 
linear four-node shell element with better refined mesh of 116209 elements. (2) In the 
ANSYS model [76], how the material is mapped at transition region from circular root 
to Z=0.8m is unknown. (3) The balsa wood was treated as isotropic material in the 
ANSYS model [76] whereas the material properties of balsa wood in the ABAQUS 
model are found from trusted reference [98] and directly input into ABAQUS as lamina 
properties. 
 
Table 7.4 shows the convergence of present TWCSCB Model 2 compared with the 
ABAQUS shell model under all four linear static load cases. The results are computed 
with both uniform stiffness and mean stiffness arrangements. The elements are 
distributed along the blade axis (Z axis) as follows: 
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 n=12: the minimum requirement to identify the boundaries for materials regions 
and geometrical segments. Two elements for root region separated by span position at 
Z=0m, 0.4m and 0.6m. Six elements for transitional region with a constant element 
length of 0.2m from Z=0.6m to 0.8m. only four elements bounded by nodes at 1.8m, 
3.2m, 7.2m, 8.2m and 9.2m. 
 
 n=46: A constant element length of 0.2m is used which perfectly maintained all 
boundaries for material and geometry segments. 
 
 n=83: A constant element length of 0.1m is used to mesh the main body from 
1.8m to 9.2m. The root region and transitional region are still meshed with a constant 
element length of 0.2m because (1) the root region with constant circular sections is not 
affected by further refined mesh. (2) the geometry of transitional region changes 
continuously along blade so it would require more geometrical plots than those given in 
Appendix K.  
 
 ANSYS shell [1] ABAQUS shell 
 n=3352 n=116209 
Mode Frequency (Hz) Frequency (Hz) 
1=Flap 4.72 4.71 
2=Edge 6.67 6.95 
3=Flap 14.11 14.28 
4=Edge 24.80 26.62 
5=Flap 28.01 28.70 
6=Edge 42.62 41.87 
Table 7.3: Comparison of first six natural frequencies between the ABAQUS shell model 
and the ANSYS shell model [76] 
 
Table 7.4 shows the results computed with the mean stiffness method converge more 
efficient than those using the uniform stiffness method. With 46 elements, present 
model using mean stiffness has achieved good agreement compared with ABAQUS 
simulations. For n=12 element, the results from mean stiffness method is significantly 
closer to ABAQUS results than the uniform stiffness method. Evidently, the assumption 
for mean stiffness is more appropriate and effective than the assumption for the uniform 
stiffness. 
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  Abaqus 
mean stiffness method: 
       2/  1 NijNijNij EEE  
uniform stiffness method 
    NijNij EE    
Load case Tip disp 
n= 
116209 
n=12 n=46 n=83 n=12 n=46 n=83 
FZ=240kN W (m) 1.01E-2 1.01E-2 1.01E-2 1.01E-2 0.77E-2 0.97E-2 0.99E-2 
FY=2230N U (m) -2.90E-2 -3.08E-2 -3.00E-2 -2.99E-2 -2.01E-2 -2.77E-2 -2.83E-2 
 V (m) 2.45E-1 2.12E-1 2.42E-1 2.42E-1 1.37E-1 2.24E-1 2.31E-1 
FX=2230N U (m) 7.59E-2 6.81E-2 7.29E-2 7.29E-2 5.33E-2 7.12E-2 7.27E-2 
 V (m) -2.90E-2 -3.08E-2 -3.00E-2 -2.99E-2 -3.00E-2 -2.77E-2 -2.83E-2 
MZ=1000N.m Φ (º) 9.04 6.41 9.35 9.37 3.79 7.98 8.65 
Table 7.4: Comparison of convergence between means stiffness and nodal stiffness 
 
Table 7.5 compares the tip displacements from three TWCSCB models to 
ABAQUS simulations under four linear static load cases. The results of TWCSCB 
models are obtained with 46 beam elements using mean stiffness method. The LS’s and 
present TWCSCB model agree with the ABAQUS shell model closely. The small errors 
can be further reduced, if necessary, by using more segments at transitional region. The 
numerical errors are inevitable since the geometries at each section are described by a 
series of best-fit polynomials in the TWCSCB model, which is, essentially, a 
mathematical approximation to the real geometry. In contrast, Vo.TP’s TWCSCB 
model achieves the same accuracy under axial force and transverse forces as the other 
TWCSCB models. However, the torsional displacement caused by the pure torque is 
incorrectly calculated compared to ABAQUS result. This is understood as Vo.TP’s 
TWCSCB model assumes constant quantity γszt distribution within each cell, which 
does not account the material variations around contour s. Therefore, the stiffness of the 
section that is associated with shear strain such as twist and twisting-coupling could not 
be accurately evaluated. Since Ref [76] employed Vo.TP’s TWCSCB model, their 
published results are in question.  
 
In comparison, LS’s TWCSCB model, which is identical to Vo.TP’s TWCSCB 
model apart from that it assumes constant shear flow within each cell. The material 
variation around contour was considered through so-called equivalent shear modulus 
Gsz of the composite laminates. For present case, the implementation of Gsz of a 
composite laminate seems appropriate as LS’s TWCSCB model yields identical results 
compared with present TWCSCB model. In viewing of the composite layup in 
Appendix J, the combination of tri-axial layup [-45/90/45] with constant ply thickness 
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are dominant stacking sequence for all 16 layups with some uni-directional 90º ply for 
flapwise reinforcement. As discussed in Chapter 5 and 6, this type of quasi-isotropic 
layup results negligibly small coupling terms S14 between axial strain and shear strain. 
Consequently, the numerical difference between present and LS’s TWCSCB models are 
invisible.  
 
Load case Tip disp. 
ABAQUS LS Vo.TP Present error 
n=116209 n=46 n=46 n=46 % 
FZ=240kN W (m) 1.01E-2 1.01E-2 1.01E-2 1.01E-2 0.0% 
FY=2230N 
U (m) -2.90E-2 -3.00E-2 -3.00E-2 -3.00E-2 3.4% 
V (m) 2.45E-1 2.42E-1 2.42E-1 2.42E-1 -1.2% 
FX=2230N 
U (m) 7.59E-2 7.29E-2 7.29E-2 7.29E-2 -4.0% 
V (m) -2.90E-2 -3.00E-2 -3.00E-2 -3.00E-2 3.4% 
MZ=1000N.m Φ (º) 9.04 9.35 6.29 9.35 3.4%* 
* Not applicable to Vo.TP’s TWCSCB model 
Table 7.5: Comparisons of tip displacements of three TWCSCB models with the ABAQUS 
FE shell model. 
 
Figure 7.7 plots the comparisons of transverse displacements for the entire blade under 
load case 2 and 3. Meanwhile, Figure 7.8 displays the comparative torsional 
displacement for the whole blade subject to load case 4. It can be seen that accurate 
prediction is achieved along the entire blade length. The close prediction of tip 
displacements in Table 7.5 is a collective result of accurate predictions of displacement 
for the entire blade. The encouraging comparisons provide confidence to implement 
present TWCSCB model for aero-elasticity coupling, in which the deformation at each 
section affects the aerodynamic loads on the blade.  
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Figure 7.7: Three transverse displacement under Load Case 2 and 3 
 
 
 
 
 
Figure 7.8: One torsional displacement under Load Case 4 
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7.8 Summary 
The present TWCSCB Model 2 and the other two existing TWCSCB models (Model 1) 
are applied to a realistic wind turbine blade, NPS-100. To conduct the numerical 
validations, the results, computed by those three analytical TWCSCB models, are 
compared to an industrial standard ABAQUS shell model. The following summary can 
be drawn in using those TWCSCB models: 
 
 The blade is preferred to be divided into beam elements following the boundaries of 
materials regions and geometrical segments. 
 Compared with using the nodal stiffness for each beam element, using the mean 
stiffness converges with improved computational efficiency and accuracy. 
 Vo.TP’s model [74] is not applicable to the analysis of wind turbine blade as it does 
not account the material and layup variations along contour s. 
 Present TWCSCB model provides good comparisons compared to ABAQUS . 
 LS’s TWCSCB model yields the identical results as those from present TWCSCB 
model. The composite laminate layups of present NPS-100 blade are quasi-isotropic 
type with constant ply thickness, so that the material coupling between       and       is 
negligibly small. Consequently, the difference between two TWCSCB models is 
invisible from present results. However, the blade could be optimized with arbitrary 
layups for passive control of aerodynamic performance. Evidences from Chapter 5 and 
6 suggest that ONLY present TWCSCB model is capable to tackle such problem. 
In summary, this case study shows that the present TWCSCB model can be 
implemented to model a wind turbine blade or other complicated structures with 
attractive computationally efficiency. It offers significantly reduced DOFs compared to 
a commercial FE shell model. This could be particularly useful in systematically 
dynamic simulation of an entire wind turbine system over a long operating period. 
However, the present TWCSCB is not capable of accurately capturing the whole 
mechanical behaviours of a real blade, e.g. 3-D effects such as blade tapering and pre-
twisting. More advanced but complicated formulations such as VABS [62,63] maybe 
used for improved accuracy.  
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Chapter 8 
Static Aero-elasticity Modelling of Wind Turbines 
 
8.1 Introduction 
In practical design work, the aerodynamic model studied in Chapters 2-4 assume the 
deformation of wind turbine blades is small so that the blade are treated rigidly, and the 
loads applied on the blade are calculated based on the un-deformed blade geometry. 
However, neglecting effects of the elastic deformation may lead inaccurate predictions 
compared to experimental measurements, which are obtained from the deformable wind 
turbine blades. The aim of this chapter is to consider the rotor aerodynamics with the 
structural elasticity coupling to investigate the systematic aero-elasticity of a wind 
turbine. The aero-elasticity here refers to the interactions between the elastic 
deformation of rotor blades and the calculated forces and consequently the wind turbine 
performance.  
 
The aerodynamic model described in Chapters 2-4 and the structural model 
developed in Chapters 5-7 are integrated to form the aero-elasticity model in this 
Chapter. The major step is to correctly identify the resultant loads on the deformed wind 
turbine and the corresponding twisting and yaw angles. The effects of aero-elasticity are 
computed by using an iterative procedure to account the interactions between loads and 
displacements. The blade loads and induced elastic deformation are calculated based on 
its initial specifications. Then the elastic deformation is updated to its initial geometry to 
calculate the blade loads and induced elastic deformation for next iteration. The 
iteration ends until convergence is achieved. A numerical example using the NPS-100 
wind turbine blade studied in Chapter 7 has been employed with realistic wind turbine 
specifications. The results are compared and discussed between models with and 
without elastic coupling.  
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8.2 The BEM model with yaw angle 
To account elastic deformations of the blade, the BEM model developed in Chapter 3 
must be upgrade to account the blade yawing deformation caused by the out-of-plane 
bending moment. Figure 8.1 shows a wind turbine with a yaw angle γ. In reality, the 
yaw angle γ is small under operational condition. For practical design, the maximum 
allowable yaw angle of an upwind turbine under extreme gust condition is limited at 5º 
due to tower clearance [98]. Therefore, the yaw deformation is normally ignored in 
many commercial BEM codes, e.g. Aerodyn [6]. However, it can be important for very 
large blade as the excessive tip displacement can cause geometrical nonlinearity issue. 
For that reason, although the effect may not be significant to be identified, it is essential 
to consider the yaw angle in present aero-elasticity model. 
 
 
Figure 8.1: Diagram for a yawed rotor from side view  
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Figure 8.2: The 2-D local flow velocities and forces for a yawed airfoil from tip view 
 
For a yawed blade, the free stream wind velocity 0V  has two components in the 
directions normal and tangential to the blade axis with the magnitude of cos0V  and
sin0V , respectively shown in Figure 8.1. The projection of blade elements dr for the 
annular element becomes drcosγ. In addition, the annular area is changed to 2πr drcos2γ. 
Therefore, the thrust force on annular element drcosγ equals to the axial momentum 
change rate at rotor plane. Together with the axial force correction, the thrust is 
expressed as: 
drraaaVrdT  2220 cos))'()1((4   (8.1a) 
Similarly, the torque on an annular element drcosγ equals to the change rate of angular 
moment of momentum and is given as: 
draaVrdM  40
3 cos)1('4   (8.1b) 
 
The incoming wind velocity Vo at plane of rotation in Figure 8.2 can be resolved 
into two components: (1) in the plane of the airfoil section as V0(1-a)cosγ ; (2) 
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perpendicular to the airfoil section as V0(1-a)sinγ. In fact, V0(1-a)sinγ is radial flow in 
the same direction as the centrifugal pumping flow. Studies for the stall delay 
phenomenon in Chapter 4 indicate that the centrifugal pumping flow holds flow 
boundary layer to not separate from the airfoil surface. Consequently, the stall is 
delayed. Therefore, the radial component V0(1-a)sinγ increases the centrifugal pumping 
flow and potentially enhances the stall delay phenomenon. This might be part of the 
reason that underestimation was found in stall delay predictions compared to 
experimental measurements. However, such enhancement is expected to be minor as γ is 
generally small. Since the analytical formulations of the radial flow along blade are not 
studied in this thesis, V0(1-a)sinγ is excluded from present aero-elasticity model.  
 
On the other hand, the tangential velocity is given as ωr(1+ a')cosγ. It can be seen 
from Figure 8.2 that the inflow angle   can be calculated using simple trigonometry of 
wind velocities respect to the plane of rotation as: 

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
  (8.2) 
Effectively, Eq. (8.2) is identical to Eq.(2.15a) for a non-yawed blade section. 
Eqs.(2.15b)-(2.19) are the same for yawed and non-yawed cases. Different from 
Eq.(2.20), Vrel in Figure 8.2 is expressed as: 




cos
cos)'1(
sin
cos)1(0 araVVrel

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
  (8.3) 
Substituting Vrel in Eq. (8.3) into Eqs (2.19) leads to alternative form of the Fn and Ft:  


 2
2
22
0 cos
sin
)1(
5.0 nn cC
aV
F

  (8.4a) 

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 20 cos
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)'1(
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)1(
5.0 tt cC
araV
F

  (8.4b) 
The Ft in Figure 8.2 is still in the tangential direction because only the yaw in out-of-
rotational plane is considered. Hence, there is no contribution from Ft in the axial flow 
direction. The Fn need to be resolved into the upstream wind direction in order to 
comply with the axial momentum Eq. (8.1a). The component is denoted as Fd in Figure 
8.1 and given as: 
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The total rotor thrust and torque induced on the blade element of the radial length dr 
with B number of blades are given as: 
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Making dT in Eq. (8.6a) and dM in Eq.(8.6b) equal to those from Eqs (8.1a) and (8.1b), 
the axial and tangential induction factors a and a' at blade section can be solved: 
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Applying all corrections similarly to the non-yawed case, the BEM model for a yawed 
wind turbine can be established as: 
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The BEM model in Eqs (8.9a) and (8.9b) remains valid as far as aB<0.4 whereas for 
higher value of aB, the empirical relationship in Eq.(3.8) should be implemented. The CT 
must be modified for the yawed rotor by substituting Eq. (8.6) to Eq.(2.35) : 
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8.3 Coordinate systems 
Figure 8.3 shows coordinate systems of a deformed blade section at azimuthal angle 
Ω=0º in the rotor plane. The rotor coordinate system (RCS) is denoted as (XYZ) that is 
originated at the centre of the rotor, O, and rotates with respect to the Y axis (rotor axis). 
The rotor plane is defined as the plane of (X-O-Z).  
 
 
Figure 8.3: Rotor coordinate system (RCS) and local coordinate system at ith airfoil section 
(LCS)i for a blade at Ω=0 
 
The local coordinate system (LCS)i is a coordinate system (xyz) that is attached to 
the ith blade section. The origin of the (LCS)i is assigned as o, corresponding to the 
intersecting point between the blade axis and the ith blade section (as defined in Figure 
7.4). The plane of the rotation of the ith blade section is obtained by offset the rotor 
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plane from O to o. The x and y axis of (LCS)i are aligned with Fn and Ft directions at ith 
blade section in Figure 8.2. The positive x direction is opposite to the Ft whereas the 
positive y direction is in the same direction as Fn. z axis is always perpendicular to the 
plane of the ith blade section and the positive direction points to the tip. Such 
arrangement aims to comply with the BCS in Chapter 7. 
 
For simplicity, the deformations of other sub-components, e.g. hub, nacelle and 
tower, are neglected in present aero-elasticity model as they are relatively rigid. 
Therefore, the rotor plane is always perpendicular to the free stream wind Vo. In 
practical design, the rotor system can be considered as a pin joint at O so that it is free 
to rotate about Y axis with a resistant torsional stiffness from the generator [11] . 
However, the specifications of the generator are normally confidential for public use. In 
reality, the magnitude of the blade edgewise bending displacement is indeed negligibly 
small compared to the blade flapwise bending displacement, especially under 
operational condition. Therefore, the aero-elasticity caused by the blade edgewise 
bending deformations is not taken into account here. Consequently, the yaw angle of the 
ith section, γi, is measured as the angle between z and Z, while the plane (y-o-z) is in the 
plane of (Y-O-Z).  
 
 
8.4 Sectional and elemental parameters 
Figure 8.4 shows a deformed blade in the plane view. The blade is divided into a total of 
N blade elements by a total of I blade sections (nodes), where I=N+1. The nth blade 
element is therefore bounded by the ith and (i-1)th blade sections, where i=n+1. The 
following sectional properties at ith section are defined: 
)(mcenter rotor  from measuredsection  i ofposition  radial  the: thir  
)(kg/msection  iat lengh unit per  mass sectional  the: thim  
)(N/msection  iat length unit per  forces sectional  the: thiF  
)(degreerotation  of plane  torelativesection  iat  angle yaw collective  the: thi  
)(degreesection  iat  angle pitching collective  the: thi  
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From previous experience with BEM and TWCSCB models, instead of assuming 
that the properties are uniformly distributed within each blade element with the nodal 
value, it is more appropriate to use the mean value from linear assumption, which is 
calculated by averaging the nodal properties of two nodes. For simplicity, nth blade 
element is treated as a lumped mass point at the ith node. The total force generated on n
th
 
element is applied as a concentrated force on ith node. With such arrangement, the 
elemental properties can be calculated by multiplying the mean value with the element 
length. For example, the ith elemental force, (dF)n can be calculated as: 
n
ii
n dr
FF
dF 




 


2
)(
1
 (8.11) 
where drn is the element length of nth element. 
 
 
Figure 8.4: Definition of sectional and elemental parameters 
 
 
8.5 Aero-elasticity interactions 
The aero-elasticity defines the interactions between the aerodynamic model and 
structural elasticity model. In present thesis, it refers to the interactions between the 
yawed BEM model and the TWCSCB model. The aero-elasticity interactions are 
accounted by proper iterations. Considering a blade that is divided into N elements with 
(N+1) nodes as shown in Figure 8.4, the force-displacement relationship at ith blade 
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section is iteratively obtained by Eq. (8.12)  
   kii
k
i fCD ][
1   (8.12) 
where     
     is the nodal displacement vector of the ith section at the (k+1)th iteration. 
Therefore, the deformed blade geometry at the (k+1)th iteration is effectively the sum of 
initial wind turbine specifications and     
   . The     
   is induced by the total 
external forces     
  at the kth iteration. Obviously, the     
      for k=1. Hence, the 
    
  is evaluated with initial wind turbine specifications for the first iteration. The 
iteration stops until an acceptable tolerance is reached between two consecutive 
iterations. This indicates that the system achieves a stationary condition and the 
performance of the wind turbine can now be determined. To conform to the TWCSCB 
model, the external force vector     
  and the displacement vector     
    must be 
resolved into BCS defined in Figure 7.4, which is the equivalent to the (LCS)i for each 
deformed blade element. The matrix [C]i is the inverse matrix of stiffness matrix [K]i in 
Eq.(5.49a) for the ith section, which is commonly known as the compliance matrix. For 
static analysis, iC][  is assumed unchanged so that it can be pre-calculated by the 
TWCSCB model and stored in the aero-elasticity model, which helps to improve the 
computational efficiency.  
 
 
8.6 Loads on a rotating rotor blade 
The loads on an operating wind turbine blade are generally classified into three 
categories: centrifugal loading, gravity loading and the aerodynamic loading.  
 
 The centrifugal loading is produced as an inertia force exerting on a rotating blade.  
 
 The gravity loading is generated by the gravity field of the earth. In reality, the 
gravity loading, applied at the centre of the mass of each blade element, mainly 
contribute a sinusoidal edgewise bending moment that continuously varies with the 
azimuthal position of the blade. Hence, its resultant sinusoidal edgewise bending 
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moment on the blade is time-dependent, which is considered as a major load in 
fatigue analysis. Since the aero-elasticity caused by the blade edgewise 
displacement is not considered in present study, the effects of gravity load is not 
fully assessed. For reference use, the gravitational loading is still included in 
present aero-elasticity model at a fixed position, 0º azimuthal angle. Such analysis 
aims to: (1) to check the magnitude of gravitational loading compared with 
aerodynamic and centrifugal loadings; (2), what is the impact of gravitational 
loading to overall aero-elasticity. 
 
 As a result that the flow passes the curved airfoil section, the aerodynamic loading 
is induced by the pressure gradient between top and bottom surfaces. [13,27,28,78].  
 
 
8.6.1 Centrifugal loading 
In this study, the centrifugal force is treated as the rotational inertia of a mass lumped at 
a distance away from the centre of the rotation. For ith blade section with the yaw angle 
γi in Figure 8.5, the centrifugal force per unit length generated due to the rotation of the 
mass per unit length (kg/m) at the ith blade section can be computed as: 
ii
c
i rmF  
2  (8.13) 
where the superscript ‘c’ denotes the centrifugal force. The deformed ri can be 
calculated  



in
in
ini drr
,
2,1
cos  (8.14) 
The   
  can be resolved into two components in y and z directions in (LCS)i at ith section. 
They are readily expressed as: 
  iciicz FF cos  (8.15) 
  icii
c
y FF sin  (8.16) 
Since   
 
 is permanently positive in Z direction in RCS, the negative sign is added for 
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the    
  
 
 as it is opposite to the positive y direction in the (LCS)i. The fact that    
  
 
 is 
negative indicates the centrifugal force helps to mitigate the normal force generated due 
to aerodynamic loading, which gives a positive flapwise bending moment. Therefore, 
the total flapwise bending moment is reduced. The nth elemental forces (N) that applied 
at ith node are calculated by:  
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Figure 8.5: Resolving centrifugal load and gravitational load to the (LCS)i 
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8.6.2 Gravity Loading 
Similar to centrifugal load, the gravitational load is considering as a concentrated load 
at lumped mass point. Since the blade at 0º azimuthal angle is considered, the gravity 
force acts as an opposite force to the centrifugal force. For ith blade section in Figure 8.5, 
the gravitational force per unit length generated due to gravity of the sectional mass mi 
of the ith blade section can be computed as: 
 
GmF i
g
i    (8.18) 
 
where the superscript ‘g’ denotes the gravitational force. G is the gravitational 
acceleration. Similarly, the   
 
 can be resolved into two components in y and z 
directions in (LCS)i at ith section. They are readily expressed as: 
 
  igiigz FF cos  (8.19a) 
  igii
g
y FF sin  (8.19b) 
 
Clearly,    
  
 
 helps to reduce the stretching from    
    but increases the flapwise 
bending moment. However, this condition changes at a function of azimuthal angle in 
practice. The nth elemental forces (N) due to gravity that applied at ith node are 
calculated by:  
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8.6.3 Aerodynamic loading 
The aerodynamic loading generated at ith section is divided into two components, 
namely the lifting force and drag force, which is further resolved into normal and 
tangential directions in the (LCS)i at ith section, denoted as    
    and    
    in Figure 
8.7. The transformation is automatically achieved in the BEM model. The superscript 
‘a' denotes the aerodynamic loading. The nth elemental aerodynamic forces (N) that 
applied at ith node are calculated as: 
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8.6.4 Torsional moment 
The two in-plane resultant components    
    and    
    of the aerodynamic forces are 
applied as two shear forces at the aerodynamic centre of ith blade section, which is given 
at the 25% of the chord length measured from the leading edge, as shown in Figure 8.6. 
Since the two shear forces are applied at an offset distance from the shear centre, a 
corresponding torsional moment    
    is produced in the (LCS)i. Since    
    is a pure 
torque, it is immaterial whether it is regarded as applied about the z axis in the (LCS)i or 
any parallel axis.  
 
The aerodynamic centre and shear centre are given in the edge-flap coordinate in 
Figure 8.6, denoted as (e , f). The coordinates of aerodynamic centre and shear centre of 
i
th
 section are denoted as (ea , fa)i and (es , fs)i, respectively, in Figure 8.6. The two 
aerodynamic forces can be resolved in flapwise and edgewise directions as: 
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      iiatiiani
a
f FFF  sincos   (8.22a) 
      iiatiianiae FFF  cossin   (8.22b) 
For ea<es, the positive    
  
 
 induces a negative torsional moment in clock-wise 
direction. Vice versa, a positive torsional moment is created in counterclock-wise 
direction if ea>es. Likewise for fa<fsc, the negative    
    induces a negative torsional 
moment in clock-wise direction whereas a positive torsional moment in counterclock-
wise direction is induced if fa>fsc. The total torsional moment induced by the 
aerodynamic force at ith section,    
    , is expressed as: 
isai
a
eisai
a
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a
z ffFeeFM )()()()()(   (8.23) 
Analogously, The in-plane resultant components    
  
 
 and    
  
 
 are exerted as shear 
forces at the mass centre of ith blade section, given by (eg , fg)i. The    
  
 
 and    
  
 
 can 
be resolved in the flapwise and edgewise direction as: 
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Consequently, another two torsional moment    
    and    
  
 
are induced by the 
centrifugal and gravitational load. For eg<es, the negative    
  
 
 induces a positive 
torsional moment in counterclock-wise direction. Vice verse, a negative torsional 
moment is produced in clock-wise direction if eg>esc. Likewise for fg<fsc, the negative 
   
   induces a negative torsional moment in clock-wise direction whereas a positive 
torsional moment in counterclock-wise direction is induced if fg>fsc. Therefore,    
    is 
expressed as: 
isgi
c
eisgi
c
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c
z ffFeeFM )()()()()(   (8.25) 
Likewise,    
  
 
 is opposite to the    
     as: 
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g
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g
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g
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Figure 8.6: Coordinates of the mass centre and shear centre in the flap-edge coordinate 
 
 
 
 
Figure 8.7: Resolving the normal and tangential forces into flapwise and edgewise 
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The total torsional moment induced at the ith section,       , is obtained by taking the 
sum of the torsional moments caused by aerodynamic load, centrifugal load and 
gravitational load. 
i
g
zi
c
zi
a
ziz MMMM )()()()(   (8.27) 
In present study, the shear centre and mass centre are assumed to be coincided with the 
origin. Such assumption was used in many other aero-elasticity studies [11]. Besides, 
the aero-elasticity developed in this chapter aims to demonstrate the utility of the more 
analytically based BEM model and elasticity model in this thesis. Therefore, the precise 
modelling of complete aero-elasticity phenomenon is not targeted. In fact, to avoid 
undesired twisting that affects the designed performance; those centres for a realistic 
wind turbine blade are aimed to be close to the origin. Therefore, centrifugal and gravity 
loads do not induce torsional moment, i.e    
       
  
 
  . Similarly, the    
    also 
produce zero torsional moment as the fs=fa=0. The assumption is thought to be 
appropriate since   
   <<   
  
 
 and fs<< es. Therefore, the total torsional moment at ith 
section is reduced to: 
iisai
a
fiz eeFM )()()(   (8.28) 
Similarly the total torsional moment of the nth element that is applied at ith node is 
obtained by introducing the mean value as: 
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All the essential components to form the resultant force and moment matrix at ith 
element section, {f}i , have been successfully identified. {f}i will be passed into the 
TWCSCB FE model to compute the elastic displacements. 
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(8.30) 
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Figure 8.8: Block diagram of aero-elasticity iterations 
 
 
8.7 Coupled elastic deformations 
The two iterative variables in Eq. (8.30) are βi and γi, which are the outputs from the kth 
iteration. They are updated to the initial specification to calculate the total loadings for 
(k+1)th iteration. βi is the total pitching angle at ith section regarding to the plane of 
rotation. For (k+1)th iteration, (βi)k+1 consists two components: (1) the initial total 
pitching angle relative to the plane of rotation, (βt)i =(βT)i + (βP)i , (2) the elastic twisting 
of the airfoil section calculated from the FE TWCSCB model in kth iteration, (Фi)k. 
Hence (βi)k+1 is expressed as:  
     
kiitki   1  (8.31) 
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Since the root is constrained, the (βi=1) is always zero. For k=1, the elastic twist (Фi)k=1 
= 0 as the blade is considered in a stationary state. Similarly, the yaw angle γi can be 
found as: 
      kixitki ,1    (8.32) 
Where (γt)i is the initial yaw angle relative to the plane of rotation. (θx)i,k is the elastic 
yaw angle calculated from the FE beam model in Eq. (5.49) for kth iteration. The 
iteration process is shown in a block diagram in Figure 8.8. 
 
 
 
8.8 Numerical results 
To demonstrate a simple aero-elasticity interactions using aerodynamic and structural 
elasticity models of a large wind turbine blade manufactured from fibre reinforced 
composite materials, numerical application is performed using the 100kW NPS-100 
blade studied in Chapter 7. The stiffness matrix has been calculated in Chapter 7. 
Additional specifications under operational condition are obtained from the official 
NorthernPower® website [99] and listed below.  
 
Number of blade 3 
Rotor diameter 21m 
Blade length 9.2m 
Blade azimuth 0º (blade tip upward) 
Global pitching 3º 
Global yawing 0º 
Wind speed Streamline wind 5m/s to 11m/s 
Aerofoil S821 
Air density 1.225 kg/m3 
Rotational speed 60 rpm 
Blade mass 199.8kg (193.5kg [96]) 
Table 8.1: the NPS-100 wind turbine operational specifications 
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The blade is divided into 47 blade elements with a constant element length of 0.2m. 
Such arrangement was found to achieve good convergence for the TWCSCB model of 
the NPS-100 blade in Chapter 7. It is assumed that no aerodynamic forces generated on 
cylindrical root up to r=0.6m. Since the aerodynamic coefficients of the transitional 
region are unknown, the transitional region is assumed to have the same aerodynamic 
coefficients as the S821 airfoil. The aerodynamic coefficients of S821 airfoil at 
Re=4.35×10
6
 can be found from TPI technical report [100,101], as shown in Figure 8.9. 
However, aerodynamic coefficients are only available up to AOA at 16º. For higher 
AOA, 2-D VC model is employed to reproduce the missing aerodynamic coefficients. 
The power output measurements and their estimations are also obtained from another 
TPI technical report [102] for wind speed from 5m/s to 11m/s. Therefore, the 
calculations in present aero-elasticity model are performed in this wind speed range. No 
static FRBM measurement was presented. Hence, models with and without elastic 
coupling are compared for assessment of aero-elasticity effects only.  
 
A comparison between the predicted power curve and the measured and calculated 
power curve from TPI [102] is provided in Figure 8.10. Close comparisons are obtained 
for the entire testing wind speed. It can be seen that the elastic coupling has negligible 
effects in this case. The difference remains under 1%. The present power curve is 
slightly higher than TPI calculated power curve. Since the theoretical calculations was 
not given in TPI technical report, many factor discussed in Chapter 2 could 
consequently cause the discrepancy, e.g. the number of blade elements and the BEM 
formulations. Nevertheless, the present aero-elasticity models show good correlations 
with TPI measurements and calculations. 
 
Figure 8.11 compares the FRBM calculated with and without elastic coupling. The 
predictions without elastic coupling show considerable estimations around 11%. The 
difference is the consequence that the FRBM is mitigated by the resolved component 
from centrifugal load. Additionally, the wind velocity perpendicular to the blade, V0cosγ, 
decreases as yaw angle γ increases with increasing wind speed. Whereas the centrifugal 
component   
          increases with increasing γ. Eventually, the gap between 
predictions with and without elastic coupling tends to open up as wind speed keeps 
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increasing. Importantly, this observation may well be one of the reasons for the 
relatively large gap that was found in FRBM comparison between predictions and 
measurements in Chapter 2 and 3. Clearly, the elastic coupling for FRBM must be 
considered because the resultant force from centrifugal load is significant compared to 
aerodynamic loads. 
 
Figure 8.9: Aerodynamic coefficients of S821 airfoil at Re=4.5×106 
 
 
Figure 8.10: Comparisons of electrical power curve between predictions and 
measurements 
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Figure 8.11: Comparisons of FRBM between predictions with and without elastic coupling 
 
Figures 8.12 and 8.13 plots the three forces, i.e (dFz)i , (dFx)i and (dFy)i and one 
moment, i.e (dMz)i in the (LCS)i at 11m/s wind speed. Generally speaking, these forces 
and moments are small compared to the stiffness of the NPS-100 blade. In comparison, 
the extensional loads (dFz)i are relatively large. However, the blade extensional-twisting 
coupling is negligibly small due to the special layups of the NPS-100 blade. It can be 
seen from Figure 8.12 that the tangential force to rotate blade, labelled as -(dFx)i is 
higher at inboard than at outboard of blade, whereas the normal force to bending the 
blade out of plane of rotation is smaller as inboard and increasing towards to outboard. 
Clearly, both aerodynamic forces start to fall to zero when approaching to the blade tip 
and root. In addition, the (dFx)i is higher at inboard than outboard. This agrees with 
statement that the inboard is important as most shaft torque comes from this part of the 
blade. 
 
Figure 8.14 shows the elastic twisting and flapwise displacement. As expected, the 
elastic deformations of the NPS-100 blade are generally small, especially the twist of 
the airfoil section because (1) twisting coupling is small; (2) the torsional moments 
induced by aerodynamic forces regarding to origin are small. However, Figure 8.11 
evidently shows that the centrifugal force must be considered with elastic coupling to 
account its mitigation to FRBM, which is constantly about 11%. 
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Figure 8.12: Plot of extensional force and torsional moment applied at each section 
 
Figure 8.13: Plot of tangential and normal forces applied at each section 
 
Figure 8.14: Plot of flapwise displacement and torsional twist at each section 
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8.9 Summary 
To demonstrate the use of aerodynamic and structural elasticity models developed in 
this thesis, a simplified static aero-elasticity model is built. The improved BEM model 
developed in Chapter 2-4 has been coupled with the TWCSCB structural model 
developed in Chapter 5-7. The effects of structural elasticity on the predictions of 
aerodynamic performance of the NPS-100 wind turbine are examed. 
 
The following observations can be drawn: 
 
 The twisting and yawing of the NPS-100 commercial blade is relatively small. The 
blade is relatively rigid in resisting both bending and torsion, mainly for the purpose of 
tower clearance and blade instability constraint, respectively. Additionally, as a result of 
using quasi-isotropic type laminates, the coupled twisting of the NPS-100 blade is also 
small.  
 The centrifugal force has a resultant component   
         , which helps to 
mitigate the FRBM considerably. Therefore, the uncoupled BEM model may present 
relatively large error compared to experimental measurements, which was revealed in 
Chapter 3-4. 
 As a consequence of negative torsional moment produced by the aerodynamic 
normal force, the blade is twisted with a negative angle that is equivalent to a reduction 
of total pitching angle. Effectively, the AOA increases and hence the blade enters stall 
earlier than predicted by the BEM model without elastic coupling. As the twisting angle 
is enlarged with increasing aerodynamic forces, the difference becomes more 
pronounced at higher wind speed. Thus, the system is able to operate with a wider range 
of wind speeds. 
 
In summary, the aero-elasticity can be used to regulate the wind turbine 
performance by allowing the elastic twisting. However, the trade-off between increasing 
twisting and limiting the yawing must be carefully considered. Although the aero-
elasticity difference in present example is relatively small, it still introduces a few 
percent of accuracy compare to the model without elastic coupling. 
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Chapter 9 
Conclusions and Future Works 
 
The design and optimization of a commercial wind turbine blade is generally carried out 
by using computational CFD and FE softwares due to its complicity. However, 
analytical models are computationally much less demanding but equally important to 
investigate the features and parameters that can be designed and optimized. The 
motivation for the present work has been to systematically develop such more 
analytically based aerodynamic and structural elasticity models, which are capable of 
efficiently and effectively predicting blade’s aerodynamic loads and mechanical 
properties so that the aero-elasticity interactions of a realistic wind turbine blade can be 
accurately evaluated.  
 
The research work carried out in present thesis can be summarized as follows: 
 
1. The classic BEM model was selected as the foundation of the aerodynamic model. 
The major benefits using BEM model are the simplicity to establish for any wind 
turbine configuration and computational efficiency to run with reasonable accuracy. 
However, the classic BEM model is over idealised by the rotor disc theory. To overcome 
such idealization in this thesis, a unique BEM model has been developed by integrating 
all corrections collected from individual works, e.g. tip loss, root loss, thrust correction. 
For low wind speed (laminar flow), 3-D rotational effects are negligible. The statically 
measured 2-D aerodynamic coefficients were implemented in present BEM model. For 
higher wind speed, stall delay correction must be applied to 2-D aerodynamic 
coefficients to account rotational effects. Following a wide revision on existing stall 
delay models, a new stall delay model was proposed by adding the quadratic 
dependency of λr to Snel’s stall delay model. In addition, fD has been added to the drag 
coefficient that is in identical form of fL. 2-D/3-D averaged VC model was also studied 
since it reproduced the best power curve compared to stall delay models. It accounts the 
3-D rotational effects through blade mean aspect ratio ( cL / ). All stall delay models and 
2-D/3-D averaged VC model were implemented in present BEM model. All numerical 
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predictions were validated with experimental measurements and estimations from 
NREL UAE phase-VI test. 
 
2. The wind turbine blade can be considered as a slender beam structure, made of 
composite laminates of arbitrary layups. The blade consists of both single-cell and 
multi-cell closed sections. For global analysis, only the rigid displacements of the blade 
section are matters. Therefore, the beam-like element is preferred due to low 
computational cost. Significant limitation was initially found in the existing TWCSCB 
model developed by LS and Vo. To remove such limitation, an improved TWCSCB 
model was developed in a different novel manner that fulfils generality. Present 
TWCSCB model was validated with a variety of geometries and arbitrary layups. In 
addition, the numerical application was performed for a realistic wind turbine blade 
(NPS-100). All validations were carried out by comparing TWCSCB models with an 
ABAQUS FE shell model. 
 
3. The static aero-elasticity coupling was finally assessed by accounting the 
interaction between the improved BEM model and the TWCSCB model. The interaction 
was evaluated through an iterative process. Numerical results show some significant 
corrections by modelling wind turbine blades with elastic coupling 
 
From the research work conducted in present thesis, the following concluding 
remarks may be drawn: 
  
1. For low wind speed (laminar flow), BEM models with statically measured 2-D 
aerodynamic coefficients generally agree well with NREL experimental measurements. 
For higher wind speed, the stall delay increases CL and CD at blade root, and the 
significance of such increase tends to reduce toward to blade tip, where it was 
eventually reversed to the reduction. Such stall delay is caused by the radial flow, which 
holds the boundary layer of the axial flow to separate from the surface at higher angle of 
attack, in other words, later than anticipated by statically measured 2-D data. The 
comparisons indicated common problems for all existing stall delay models: (1) up to 
what AOA should local stall eventually occurs so that the stall delay correction can be 
removed. (2) how the transition, from local stall delay to deep stall, takes place. Present 
stall delay model with quadratic dependency of λr successfully captured the fact that the 
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stall delay is stronger at root than at tip. The local stall eventually occurs as the wind 
speed keeps increasing. Consequently, 3-D aerodynamic coefficients should return to 
the curve of 2-D aerodynamic coefficients. The reduction of aerodynamic forces at tip, 
due to stall delay, is intrinsically included in present BEM model. Possible experimental 
errors also affect accuracy such as (1) inconsistency in measured 2-D aerodynamic 
coefficients from different institutions; (2) incompatibility of aerodynamic coefficients 
due to different facilities between those institutions and NREL onsite (3) difficulties in 
accurately measuring tangential forces and AOAs. Valuable remarks must be rewarded: 
(1) present BEM model fundamentally improves the overall accuracy especially the tip 
and root losses; (2) predictions at low wind speed are generally accurate and reliable as 
far as the input aerodynamic coefficients are compatible; (3) present stall delay model 
shows clear improvement over other opponents; (4) collective results, such as shaft 
torque and FRBM, agree reasonably well between present BEM model and 
experimental measurements. Moreover, verifications show 2-D/3-D averaged VC model 
can only be used to numerically predict power curve. 
 
2. The LS TWCSCB model is only valid with special layups, for which material 
couplings between       and                are either zero or negligibly small. For laminate 
layups, of which the material coupling between       and                are significant, the 
LS TWCSCB model is invalid. The inaccuracy was found in all DOFs. The bending 
stiffness presented larger error compared to other DOFs. In contrast, present TWCSCB 
model was validated to be applicable to arbitrary laminate layups. The analytical model 
shows no presence of bending shear for symmetrical layup or negligibly small for quasi-
isotropic laminate configuration as the S14=S24=0. For other laminate configurations 
that S14≠0 and S24≠0, the effects of bending shear are small for a symmetrical closed 
section and can be neglected. The generality of present TWCSCB model was further 
validated with the numerical application of the NPS-100 blade. The geometry, material 
and composite laminate layups are totally arbitrary. Since the composite laminate layups 
of the NPS-100 blade are [+45/90/-45] quasi-isotropic type, material couplings between  
     and                are negligibly small. Consequently, LS’s TWCSCB model yields 
identical results as those from present TWCSCB model. However, evidence from 
Chapter 5 and 6 suggest that only present TWCSCB model is correct for general use. 
 
3. The NPS-100 blade is stiff in torsion compared to the twisting moment induced by 
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aerodynamic forces. In addition, the twist coupling stiffnesses are small due to quasi-
isotropic type laminate layups. Consequently, the elastic deformation of the NPS-100 
blade is negligibly small; particularly the in-plane twisting that directly changes the 
AOA. As a result, the aero-elasticity interactions hardly affect the aerodynamic forces 
on the blade. Those undesired displacements may introduce instability and uncertainty 
to designed specifications of the wind turbine. However, care must be taken in 
modelling the blade under severe conditions, in which case relatively large deformation 
occurs. Under such circumstances, the elastic deformation can greatly affect the stability 
of the wind turbine performance.  
 
It can be concluded that the original goals expected within present thesis have 
been achieved. The future works, from author’s point of view, can be performed to 
each individual analytical model: 
 
1. Aerodynamic modelling: a general stall delay solution would be a potential 
contribution to the wind turbine industry. Noting that experimental determined 
parameters are generally required in all stall delay models assessed in present thesis. 
Therefore, the development of these stall delay models would in suspicions for curve 
fitting experimental measurements. In addition, comparisons in chapter 3 and 4 showed 
that losses at root always tend to be similar as those found at tip. According to Eqs.(2.29) 
and (2.31), the tip and root loss factors are similar, too. The tip loss factor fw was found 
to improve the tip loss correction effectively. Therefore, a similar root loss factor may 
be considered. 
 
2. Structural Modelling: Even though present TWCSCB model is computationally 
efficient, such formulation is limited in capturing the whole structural mechanics of a 
real wind turbine blade. Fully populated stiffnesses in all aspects may be required at 
advance level of blade design, such as transverse shear, geometrical/material non-
linearity, geometrical tapering and pre-twisting. It is, therefore, the future goal to 
incorporate those aspects with present TWCSCB model. For example, the shear 
deformation can be included easily by adding the transverse shear strain xz  and yz  to 
the out-of-plane rotation in Eq. (5.2) allowing shear energy to occur. Equivalently, the 
Euler-Bernoulli beam formulation will be substituted by a Timoshenko beam 
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formulation for finite element interpolation. 
 
3. Aero-elasticity modelling: The static aero-elasticity model can be extended to a 
dynamic aero-elasticity model in a straightforward fashion. The static equilibrium 
equations can be substituted directly with dynamic equations of motion. The key 
difference is that the elastic deformation must be updated to the deformed geometry at 
previous time step, which in total accounts the current geometry of the blade relative to 
wind turbine system. This updated geometry should be used to calculate the blade’s 
loads for next time step. In addition, the dependence of the azimuthal angle could be 
included so that the variation of gravity force can be assessed, which is particularly 
useful for fatigue analysis.  
 
4. Furthermore, to make developed analytical models more convenient to serve for 
other users, the present analytical models can be programmed as subroutines in 
ABAQUS or ANSYS with a more user-friendly interface.. 
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Appendix A 
2-D transformed lamina stiffness 
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where φ is the fiber orientation angle and the components of the lamina stiffness terms 
related with engineering constants by: 
2112
1
11
1 

E
Q
2112
2
22
1 

E
Q
2112
212
12
1 

Ev
Q 1266 GQ   
 
 
Appendix B 
 ~ 194 ~  
Appendix B 
Global beam constitutive equations of TWCSCB Model 1 
 
Substituting Eqs. (5.8), (5.16) and (5.18) into Eqs (5.26), and substituting the results 
into (5.31), the constitutive equations of global beam of TWCSCB Model 1 can be 
expressed in the matrix form as: 













































XY
Y
X
Z
Z
Y
X
z
Esyms
EE
EEE
EEEE
EEEEE
M
M
M
M
F
55
4544
353433
25242322
1514131211
 (B.1) 
where the elements Eij are defined as follows: 
dskE
s 1111  (B.2a) 
dskYkE
s  )cos( 131112   (B.2b) 
dskXkE
s  )sin( 131113   (B.2c) 
  s dskkE )2( 141214   (B.2d) 
  s dsqkkE )( 131115   (B.2e) 
dskYkYkE
s  )coscos2(
2
3313
2
1122   (B.2f) 
dskXYkXYkE
s  )sincos)cossin(( 33131123   (B.2g) 
  s dskYkkYkE )coscos22( 2312341424   (B.2h) 
  s dsqkYqkYkE )cos)cos(( 33131125   (B.2i) 
Appendix B 
 ~ 195 ~  
dskXkXkE
s
)sinsin2( 23313
2
1133     (B.2g) 
  s dskXkkXkE )sinsin22( 2312341434   (B.2k) 
  s dsqkXqkXkE )sin)sin(( 33131135   (B.2l) 
  s dskkkE )44(
2
22442444   (B.2m) 
  s dsqkkqkkE )22( 2312341445   (B.2n) 
  s dsqkqkkE )2(
2
3313
2
1155   (B.2o) 
Appendix C 
 ~ 196 ~  
Appendix C 
Elements of [Sij] in Eq. (5.34) 
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Appendix D 
Elements of [Eij] in Eq. (5.42) 
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Appendix E 
Elements of [K]ij in Eq. (5.49) 
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Appendix F 
Constitutive equations for TWCSCB Model 2 (single-cell) 
 
An alternative way in deriving the TWCSCB Model 2 is obtained by replacing Eq (5.19) 
with Eq. (5.33) for the shear strain, sz , in the TWCSCB Model 1. The only unsolved 
term Nsz can be found by invoking the Eq. (5.37). The beam constitutive relationships 
below highlight the difference between TWCSCB Model 1 and 2 by underline ‘_’.  
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Similarly, the sectional torsional moment Mz can be obtained from Eq (5.40): 
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Appendix G 
Warping function of the box cross-section 
 
The wall thickness and shear modulus are constant. The warping function of the box 
cross-section in Figure 5.5 is given: 
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Figure G.1: Warping function of single-cell box beam used by Kollar et al [65] 
 
-3.5E-04
-2.5E-04
-1.5E-04
-5.0E-05
5.0E-05
1.5E-04
2.5E-04
0 0.05 0.1 0.15 0.2 0.25
Contour S(m)
w
a
r
p
in
g
(s
)
before shift after shift
Appendix H 
 ~ 209 ~  
Appendix H 
Elements of [Eij] matrix in Eq. (6.25) 
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Appendix I 
Constitutive equations for TWCSCB Model 2 (multi-cell) 
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dsMYNM
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Appendix J 
Layup codes of the NPS-100 Blade 
 
 
Ply Ply angle φ (º) Material Thickness (m) 
1 90 D 0.130 
2 90 C 0.372 
3 -45 B 0.296 
4 90 C 0.296 
5 45 B 0.296 
6 -45 B 0.186 
7 90 C 0.186 
8 45 B 0.186 
9 90 A t 
10 -45 B 0.186 
11 90 C 0.186 
12 45 B 0.186 
13 -45 B 0.296 
14 90 C 0.296 
15 45 B 0.296 
Table J.1: Layup code 1-9 
 
 
 
Layup code t (mm) 
1 26.4 
2 19.8 
3 13.2 
4 9.24 
5 6.35 
6 7.92 
7 6.6 
8 5.28 
9 3.96 
10 9.24 
11 7.92 
12 6.6 
13 5.28 
Table J.2: Thickness of t for layup code 1-13 
  
Appendix J 
 ~ 217 ~  
 
Layup code: 10-13 
Ply Ply angle φ (º) Material Thickness (mm) 
1 90 D 0.13 
2 90 C 0.372 
3 -45 B 0.296 
4 90 C 0.296 
5 45 B 0.296 
6 -45 B 0.186 
7 90 C 0.186 
8 45 B 0.186 
9 90 A t 
10 -45 B 0.186 
11 90 C 0.186 
12 45 B 0.186 
13 -45 B 0.296 
14 90 C 0.296 
15 45 B 0.296 
16 -45 B 0.296 
17 90 C 0.296 
18 45 B 0.296 
19 -45 B 0.296 
20 90 C 0.296 
21 45 B 0.296 
22 -45 B 0.296 
23 90 C 0.296 
24 45 B 0.296 
25 -45 B 0.296 
26 90 C 0.296 
27 45 B 0.296 
Table J.3: Layup code 10-13 
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Ply Ply angle φ (º) Material Thickness (mm) 
1 90 D 0.130 
2 90 C 0.372 
3 -45 B 0.296 
4 90 C 0.296 
5 45 B 0.296 
6 -45 B 0.186 
7 90 C 0.186 
8 45 B 0.186 
9 -45 B 0.186 
10 90 C 0.186 
11 45 B 0.186 
12 -45 B 0.296 
13 90 C 0.296 
14 45 B 0.296 
Table J.4: Layup code 14 
 
Layup code: 15 
Ply Ply angle φ (º) Material Thickness (mm) 
1 90 D 0.130 
2 90 C 0.372 
3 -45 B 0.296 
4 90 C 0.296 
5 45 B 0.296 
6 90 E 6.35 
7 -45 B 0.186 
8 90 C 0.186 
9 45 B 0.186 
Table J.5: Layup code 15 
 
Layup code: 16 
Ply Ply angle φ (º) Material Thickness (mm) 
1 -45 B 0.186 
2 90 C 0.186 
3 45 B 0.186 
4 90 E 9.525 
5 -45 B 0.186 
6 90 C 0.186 
7 45 B 0.186 
Table J.6: Layup code 16 
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Appendix K 
Geometries of the transitional region 
 
 
Figure K.1: The normalised untransformed single-cell cross-section at z=0.8m 
 
 
 
 
 
Figure K.2: The normalised untransformed two-cell cross-section at z=1.0m 
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Figure K.3: The normalised untransformed two-cell cross-section at z=1.2m 
 
 
 
 
 
Figure K.4: The normalised untransformed two-cell cross-section at z=1.4m 
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Figure K.5: The normalised untransformed two-cell cross-section at z=1.6m 
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